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Motivation 3: quasi-topoi and “natural” simple graph rewriting

simple graphs as a “bona fide” rewriting semantics 

 requires the theory of quasi-topoi and of non-linear SqPO-semantics  
to be of any practical interest…

⇒
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Quasi-topoi — a natural setting for non-linear rewriting
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<latexit sha1_base64="60J9QAuxxuDmMhCKwR5ljpb5zn4="></latexit>

Definition
A category C is a quasi-topos iff

1. it has finite limits and colimits

2. it is locally Cartesian closed

3. it has a regular-subobject-classifier.
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Quasi-topoi — a natural setting for non-linear rewriting
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Proposition
Every quasi-topos C enjoys the following properties:

• It has (by definition) a stable system of monics M = `K(C) (the class of regular monos),
which coincides with the class of extremal monomorphisms, i.e., if K = 7 � 2 for K 2 `K(C)
and 2 2 2TB(C), then 2 2 BbQ(C).

• It has (by definition) a M-partial map classifier (h, ⌘).

• It is rm-quasi-adhesive, i.e., it has pushouts along regular monomorphisms, these are sta-
ble under pullbacks, and pushouts along regular monos are pullbacks.

• It is M-adhesive.

• For all pairs of composable morphisms � 7�! " and " K�! * with K 2 M, there exists a final
pullback-complement (FPC) � M�! 6 ;�! *, and with M 2 M.

• It possesses an epi-M-factorization: each morphism � 7�! " factors as 7 = K � 2, with
morphisms � 2�! �" in 2TB(C) and �" K�! � in M (uniquely up to isomorphism in �").
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Definition
The category Graph of directed multigraphs is defined as the presheaf category
Graph := (GQT ! Set), where G := (· ◆ ?) is a category with two objects and
two morphisms.

• Objects : = (o:,1:, b:, i:) of Graph are given by a set of vertices o:,
a set of directed edges 1: and the source and target functions b:, i: :
1: ! o:.

• Morphisms between :,> 2 Q#D(Graph) are of the form ' = ('o,'1), with
'o : o: ! o> and '1 : 1: ! 1> such that 'o � b: = b> � '1 and
'o � i: = i> � '1.
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Definition
The category SGraph of directed simple graphs is defined as the category of bi-
nary relations BRel ⇠= Set //�. Here, � : Set ! Set is the pullback-preserving
diagonal functor defined via�s := s⇥s, and Set//� denotes the full subcat-
egory of the slice category Set/� defined via restriction to objects K : s ! �s
that are monomorphisms.

• An object of SGraph is given by a = (o, 1, ◆), where o is a set of vertices,
1 is a set of directed edges, and where ◆ : 1 ! o ⇥ o is an injective
function.

• A morphism 7 = (7o, 71) between objects a and a0 is a pair of functions
7o : o ! o0 and 71 : 1 ! 10 such that ◆0 � 71 = (7o ⇥ 7o) � ◆.
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Definition
For a category C, a stable system of monics M is a class of monomorphisms of C that (B)
includes all isomorphisms, (BB) is stable under composition, and (BBB) is stable under pullbacks
(i.e., if (70, K0) is a pullback of (K, 7) with K 2M, then K0 2M).We will reserve the notation ⇢
for monics in M, and ,! for generic monics.

Definition
For a stable system of monics M in a category C, an M-partial map classifier (h, ⌘) is a functor
h : C! C and a natural transformation ⌘ : A.C

.�! h such that

1. for all s 2 Q#D(C), ⌘s : s! h(s) is in M

2. for each span (� K � s 7�! ") with K 2M, there exists a unique morphism � '(K,7)����! h(")
such that (K, 7) is a pullback of ('(K, 7), ⌘").
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A Collection of definitions and auxiliary properties

A.1 Universal properties

Lemma 2. Let C be a category.

X X

A B A B A B

D C D C D C

E Y

(i) (ii) (iii)
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9!ē
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x
0

PB

a

d b

c

FPC

x
a�x

c
0

y

9!x0

Then the following properties hold:

1. Universal property of pushouts (POs): Given a commutative diagram as in
(i), there exists a morphism D � ē ! E that is unique up to isomorphisms.

2. Universal property of pullbacks (PBs): Given a commutative diagram as in
(ii), there exists a morphism X � x̄ ! A that is unique up to isomorphisms.

3. Universal property of final pullback complements (FPCs): Given a commu-
tative diagram as in (iii) where (a � x.y) is a PB of (d, c0), there exists a
morphism Y � x̄0 ! C that is unique up to isomorphisms, and which satis-
fies that (x, y) is the PB of (b, x0).

A.2 Stability properties

Definition 11. Let C be a category.

A0 B0

D0 C 0

A B

D Cc

d

a

b(⇤)

�

�

↵

�

d
0

c
0

a
0

b
0y y y(†)

y (20)

– A pushout (⇤) in C is said to be stable under pullbacks i↵ for every com-
mutative cube over the pushout (⇤) such as in the diagram above where all
vertical squares are pullbacks, the top square (†) is a pushout.

– A final pullback complement (FPC) (⇤) in C is said to be stable under
pullbacks i↵ for every commutative cube over the FPC (⇤) such as in the
diagram above where all vertical squares are pullbacks, the top square (†) is
an FPC.

Lemma 3. Two important examples of categories for which suitable stability
properties for pushouts hold are given as follows:

<latexit sha1_base64="NYhsGn7jIBnISBDeuGWf7hr8/Xs="></latexit>

Universal property of final pullback complements (FPCs)
Given a commutative diagram as below, where (� � t.v) is a pullback of
(/, +0), there exists a morphism u � �t0 ! * that is unique up to isomor-
phisms, and which satisfies that (t, v) is the PB of (#, t0).
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Theorem
For a category C with M-partial map classifier
(h, ⌘), the final pullback complement (FPC) of
a composable sequence of arrows � 7�! " and
" K�! * with K 2M is guaranteed to exist, and
is constructed via the following algorithm:

1. Let �K := '(K, B/") (i.e., themorphism that
exists by the universal property of (h, ⌘),
cf. square (R) below).

2. Construct h(�) �M � 6 ;�! * as the pull-
back of h(�) h(7)��! h(") �K � * (cf. square
(k) below); by the universal property of
pullbacks, this in addition entails the ex-
istence of a morphism � M�! 6.

Then (M, ;) is the FPC of (7,K), and M is in M.
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Definition
For a category C with anM-partial map classifier, theM-multi-pushout
complement (mPOC) P(7, #) of a composable sequence of morphisms
� 7�! " and " #�! . with # 2 M is defined as

P(f , b) := {(A a�! P, P d�! D) 2 KQ`(C)2 | a 2 M ^ (d , b) = SP(a, f )} .

Proposition
In a quasi-topos C and for M = `K(C) the class of regular monomor-
phisms, let P(7, #) be an mPOC.

• Universal property of P(7, #): for every diagram such as in (i)
where (R)+ (k) is a pushout along an M-morphism M, and where
K = K0 � # for some K0, # 2 M, there exists an element (�, /) of
P(7, #) and an M-morphism T 2 M such that the diagram com-
mutes and (k) is a pushout. Moreover, for any T0 2 M and for
any other element (�0, /0)of P(7, #) with the same property, there
exists an isomorphism � 2 BbQ(C) such that ��� = �0 and /0�� = /.

• Algorithm to compute P(7, #):

1. Construct (M, ;) in diagram (ii) by taking the FPC of (7, #).
2. For every pair of morphisms (�, T) such that � 2 M and

� � T = M, take the pushout (R), which by universal property
of pushouts induces an arrow . 2�! *; if 2 2 BbQ(C), (�, /) is
a contribution to the mPOC of (7, #).
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Final pullback complement augmentations (FPA)
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Definition
In a quasi-topos C withM = `K(C), consider a pushout square along anM-morphism
such as square (R) in the diagram on the right (where ↵, ↵̄ 2 M). We define anM-FPC
augmentation (FPA) of the pushout square (R) as a diagram formed from an epimor-
phism 2 2 2TB(C) and that satisfies the following properties:

• The morphism 2 � ↵̄ is an M-morphism.

• (↵̄, B/") is a pullback of (2, 2 � ↵̄).

• Square (R)+(k) is an FPC, and the induced morphism M that exists by the univer-
sal property of FPCs, here w.r.t. the FPC (M �↵, 7) of (�, 2 � ↵̄), is an M-morphism.

For a pushout as in (R), we denote by 6S�(↵, �) its class of FPAs:

6S�(↵, a) := {(n, f , e) | e 2 2TB(C) ^ e � ↵̄, n 2 M ^ (f , n � ↵) = FPC(a, e � ↵̄)}

As induced by the properties of pushouts and of FPCs, FPAs are defined up to universal
isomorphisms (in ., 1 and 6), and for a given pushout square there will in general exist
multiple non-isomorphic such augmentations.
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– The morphism e � ↵̄ is an M-morphism.
– (↵̄, idB) is a pullback of (e, e � ↵̄).
– Square (1) + (2) is an FPC, and the induced morphism n that exists6 by the

universal property of FPCs, here w.r.t. the FPC (n �↵, f) of (a, e � ↵̄), is an
M-morphism.

For a pushout as in (1), we denote by FPA(↵, a) its class of FPAs:

FPA(↵, a) := {(n, f, e) | e 2 epi(C)^e�↵̄, n 2M^(f, n�↵) = FPC(a, e�↵̄)} (8)

As induced by the properties of pushouts and of FPCs, FPAs are defined up to
universal isomorphisms (in D, E and F ), and for a given pushout square there
will in general exist multiple non-isomorphic such augmentations.

The final technical ingredient for our rewriting theoretic constructions is a
notion of multi-sum adapted to the setting of quasi-topoi, a variation on the
general theory of multi-(co-)limits due to Diers [19].

Definition 8. In a quasi-topos C, the multi-sum
P

M(A, B) of two objects
A, B 2 obj(C) is defined as a family of cospans of regular monomorphisms

A
f�! Y

g � B with the following universal property: for every cospan A
a�! Z

b � B

with a, b 2 rm(C), there exists an element A
f�! Y

g � B in
P

M(A, B) and a

regular monomorphism Y
y�! Z such that a = y � f and b = y � g, and moreover

(f, g) as well as y are unique up to universal isomorphisms.

X

?

A B A B

A + B A + B

Y Y P

Q

Z Z

(i) (ii)

inA inB

a b

e

m

yA yB

[a,b]
a

yA

m

e

b

pA

pB

inA inB

yB

◆A ◆B

xA

xB

◆X

eP

q

mQ

qB

qA

9! z

(9)

6 Note that square (1) pasted with the pullback square formed by the morphisms
↵, idB , e, e � ↵̄ yields a pullback square that is indeed of the right form to warrant
the existence of a morphism n into the FPC square (1) + (2).

Multi-sums

<latexit sha1_base64="sar3NiwfxGluLZ6ftcI8MjDxKy8="></latexit>

Definition
In a quasi-topos C, the multi-sum

P
M(�, ") of two ob-

jects �, " 2 Q#D(C) is defined as a family of cospans of
regular monomorphisms � v��! u v" � " with the follow-
ing universal property: for every cospan � ��! w # � "
with �, # 2 `K(C), there exists an element � v��! u v" � "
in

P
M(�, ") and a regular monomorphism u K�! w

such that � = K�v� and # = K�v", and moreover (7, ;)
as well as K are unique up to universal isomorphisms.
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Multi-sums
<latexit sha1_base64="CcnqL7H288VFxkrByIWOuBCTb4k="></latexit>

Lemma
If C is a quasi-topos, the multi-sum

P
M(�, ") arises

from the epi-M-factorization of C (for M = `K(C)).

• Existence: Let � BM���! � + " BM" �� " be the disjoint
union of � and ". Then for any cospan � ��! w # �
" with �, # 2 M, the epi-M-factorization of the
induced arrow �+" [�,#]��! w into an epimorphism
� + " 2�! u and an M-morphism u K�! w yields
a cospan (v� = 2 � BM�, v" = 2 � BM"), which by
the decomposition property of M-morphisms is a
cospan of M-morphisms.

• Construction: For objects �, " 2 Q#D(C), every el-
ement � [��! Z [" � " in

P
M(�, ") is obtained

from a pushout of some span � t� � s t"�! "
with t�, t" 2 M and a morphism S [�! Z in
KQMQ(C) \ 2TB(C).
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Lemma 1. If C is a quasi-topos, the multi-sum
P

M(A, B) arises from the epi-
M-factorization of C (for M = rm(C); compare [29]).

– Existence: Let A
inA��! A + B

inB �� B be the disjoint union of A and B.

Then for any cospan A
a�! Z

b � B with a, b 2M, the epi-M-factorization of

the induced arrow A + B
[a,b]���! Z into an epimorphism A + B

e�! Y and an
M-morphism Y

m�! Z yields a cospan (yA = e� inA, yB = e� inB), which by
the decomposition property of M-morphisms is a cospan of M-morphisms
(cf. (9)(i)).

– Construction: For objects A, B 2 obj(C), every element A
qA��! Q

qB �� B

in
P

M(A, B) is obtained from a pushout of some span A
xA �� X

xB��! B with

xA, xB 2M and a morphism P
q�! Q in mono(C) \ epi(C) (cf. (9)(ii)).

Proof. See Appendix B.

<latexit sha1_base64="XsHpRdPCEeo5RNeeypueN1Q/95o="></latexit>

G
<latexit sha1_base64="8enB5mTGkVYWd6sKG5YcdfuACEk="></latexit>

H

<latexit sha1_base64="PAePFhWLDknrShoufrjOi3bvy10="></latexit>

S0

<latexit sha1_base64="SwsntXIUiqcEFplZCf4xs2zn+W8="></latexit>

S1
<latexit sha1_base64="hdBEZeJN6Ubsvk1Rqx6dQU6lZpk="></latexit>

S2

<latexit sha1_base64="GiHkwAnwfl4xhO7PQR+cdS5ZiN4="></latexit>

S3

<latexit sha1_base64="E1QhzHw2SY1E4+Gw6n1OZbbvzDc="></latexit>

S4

<latexit sha1_base64="2Llu+uEGofPY5htX7fBZrChZ8xY="></latexit>

I

Since in an adhesive category all monos are regular [34],
in this case the multi-sum construction simplifies to the
statement that every monic cospan can be uniquely fac-
torized as a cospan obtained as the pushout of a monic
span composed with a monomorphism. It is however worth-
while emphasizing that for generic quasi-topoi C one may
have M 6= mono(C), as is the case in particular for the
quasi-topos SGraph of simple graphs. We illustrate this
phenomenon in the diagram on the right via presenting the
multi-sum construction for A = B = •. Note in particular
the monic-epis that extend the two-vertex graph S0 into
the graphs S1, S2 and S3, all of which have the same vertices as S0 (recalling
that a morphism in SGraph is monic/epic if it is so on vertices), yet additional
edges, so that in particular none of the morphisms S0 ! Sj for j = 1, 2, 3 is
edge-reflecting.

3 Non-linear sesqui- and double-pushout rewriting

In much of the traditional work on graph- and categorical rewriting theories [21],
while it was appreciated early in its development that in particular SqPO-
rewriting permits the cloning of subgraphs [16], and that both SqPO- and DPO-
semantics permit the fusion of subgraphs (i.e. via input-linear, but output-non-
linear rules), the non-uniqueness of pushout complements along non-monic mor-
phisms for the DPO- and the lack of a concurrency theorem in the SqPO-case
in general has prohibited a detailed development of non-linear rewriting theo-
ries to date. Interestingly, the SqPO-type concurrency theorem for linear rules
as developed in [2] exhibits the same obstacle for the generalization to non-
linear rewriting as the DPO-type concurrency theorem, i.e., the non-uniqueness
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Definition
General DPO-rewriting semantics over an rm-adhesive category C:

• The set of DPO-admissible matches of a rule rule ` = (P  E ! A) 2 bT�M(C) into an object s 2 Q#D(C) is
defined as

JDPO

r (X ) := {(m, m̄, ī) | m 2 `K(C) ^ (m̄, ī) 2 P(i , m)} .

A DPO-type direct derivation of s 2 Q#D(C) with rule ` along K 2 JDPO

` (s) is defined as a diagram in (i),
where (R) is the multi-POC element chosen as part of the data of the match, while (k) is formed as a
pushout.

• The set of DPO-type admissible matches of rules `k, `R 2 bT�M(C) (also referred to as dependency relations)
is defined as

MDPO

`k (`R) := {(Dk, DR, �Dk, �Bk, �DR, �QR) |

(Dk, DR) 2
X

M
(Ak, PR)

^ (�Dk, �Bk) 2 P(Bk, Dk) ^ (�DR, �QR) 2 P(QR, DR)}�⇠ ,

where equivalence is defined up to the compatible universal isomorphisms of multi-sums and multi-POCs
(see below).

• A DPO-type rule composition of two general rules `R, `k 2 bT�M(C) along an admissible match µ 2MDPO

`k (`R)
is defined via a diagram as in (ii), where (Rk) and (RR) are themulti-POC elements chosen as part of the data
of the match, while (kk) and (kR) are pushouts. We then define the composite rule via span composition:

r2

µ
J r1 := (O21  K 2 ! J21) � (J21  K 1 ! I21)

(i)

O K I

rm(X) X̄ X

m⇤

o

m̄

ō ī

i

m(2) (1)
(1) 

choice of element of 
multi-pushout 
complement

(2) 
pushout
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ī2

j⇤2
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Theorem
Let C be an rm-adhesive category, let sy 2 Q#D(C) be an object, and let `k, `R 2 bT�M(C) be
(generic) spans in C.

• Synthesis: For every pair of admissible matches KR 2 JDPO

`R (sy) and Kk 2 JDPO

`k (`RKR
(sy)),

there exist an admissible match µ 2 MDPO

`k (`R) and an admissible match KkR 2 JDPO

`kR (sy)
(for `kR the composite of `k with `R along µ) such that `kRKkR

(sy) ⇠= `kKk
(`RKR

(sy)).

• Analysis: For every pair of admissible matches µ 2 MDPO

`k (`R) and KkR 2 JDPO

`kR (sy) (for
`kR the composite of `k with `R along µ), there exists a pair of admissible matches KR 2
JDPO

`R (sy) and Kk 2 JSqPO

`k (`RKR
(sy)) such that `kKk

(`RKR
(sy)) ⇠= `kRKkR

(sy).

• Compatibility: If in addition C is finitary, the sets of pairs of matches (KR, Kk) and (µ, KkR)
are isomorphic if they are suitably quotiented by universal isomorphisms, i.e., by universal
isomorphisms of sR = `RKR

(sy) and sk = `kKk
(sR) for the set of pairs of matches (KR, Kk),

and by the universal isomorphisms of multi-sums and multi-POCs for the set of pairs of
matches (µ, KkR), respectively.
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and identify (uniquely up to isomorphism) the element (I2 ⇢ J21 � O1) of
the multi-sum (which is in particular a cospan of M-morphisms), which by
the universal property of multi-sums entails the existence of an M-morphism
J21 ⇢ X1:

O2 K2 I2 O1 K1 I1

J21

X2 X̄1 X1 X̄0 X0x1x̄1

m
⇤
2

o2 i2

j2 j1

9! j21

m2 m
⇤
1

m̄2PO PO

x̄0

o1

m̄1PO

i1

PO

x0

m1 (36)

Take the pullback (J21  K̄1 ! X̄0) of (J21 ! X1  X̄0), and the pullback
(X̄1  K̄2 ! J21) of (X̄1 ! X1  J21), resulting in the following diagram:

O2 K2 I2 O1 K1 I1

K2 J21 K1

X2 X̄1 X1 X̄0 X0x1x̄1

m
⇤
2

o2 i2

j2 j1

j21

m2 m
⇤
1

m̄2

x̄0

o1

m̄1

i1

x0

m1

9! 9!(22)

PB

(12)

PB

(11)

(21)

(37)

– By stability of M-morphisms under pullbacks, (K̄1 ! X̄0), (K̄2 ! X̄0) 2M.
– By the universal property of pullbacks, there exist the morphisms K1 ! K̄1

and K2 ! K̄2.
– By the decomposition property of M-morphisms, (K1 ! K̄1), (K2 ! K̄2) 2

M.
– Since (11) + (21) and (12) + (22) are both pushouts along M-morphisms

and thus also pullbacks (since pushouts along M-morphisms are pullbacks),
by pullback-pullback decomposition both (21) and (22) are pullbacks. Since
moreover pushouts along M-morphisms are stable under pullbacks, by pushout-
pullback decomposition the squares (11), (12), (21) and (22) are all pushouts.

Next, form the squares marked (31) and (32) in the diagram below by taking
pushouts:

O2 K2 I2 O1 K1 I1

O21 K2 J21 K1 I21

X2 X̄1 X1 X̄0 X0x1x̄1

m
⇤
2

o2 i2

j2 j1

j21

m2 m
⇤
1

m̄2

x̄0

o1

m̄1

i1

x0

m1

9! 9!

(22)

PB

(12)

PB

(11)

(21)PO

(32)

(42)

PO

(31)

(41)

(38)

– By stability of M-morphisms under pushouts, (I1 ! I21), (O2 ! O21) 2M.
– Since (3k) + (4k) and (3k) are pushouts (for k = 1, 2), by pushout-pushout

decomposition (41) and (42) are pushouts, and since moreover K̄1 ⇢ X̄0

and K̄2 ⇢ X̄1 are in M, by stability of M-morphisms under pushouts we
find that (I21 ! X0) and (O21 ! X2) are also in M.
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For the next step, let us first of all make explicit all information on the
nature of all squares and morphisms constructed thus far, and let us construct
in addition the squares marked (5) and (6) in the diagram below by taking
pullbacks:

O2 K2 I2 O1 K1 I1

O21 K2 J21 K1 I21

X2 X̄1 X1 X̄0 X0

K21

K̄21

x1x̄1

m
⇤
2

o2 i2

j2 j1

j21

m2 m
⇤
1

m̄2

x̄0

o1

m̄1

i1

x0

m1

9!

(5)

(6)

PB

PB

(72) (71)

(22)

PO

(12)

PO

(11)

(21)
PO

(32)

(42)

PO

(31)

(41)
PO PO

PO PO

(39)

– By the universal property of pullbacks, there exists a morphism K21 ! K̄21.
– Since (11) and (12) are pushouts along M-morphisms and thus pullbacks,

by pullback-pullback decomposition both (71) and (72) are pullbacks. Thus
by stability of M-morphisms under pullbacks, K21 ! K̄21 is in M. Since
moreover in a quasi-topos, pushouts along M-morphisms are stable under
pullbacks, we find10 that (71) and (72) are pushouts.

– Finally, by pushout composition, we find that (41)+ (71) and (42)+ (72) are
pushouts, whence in summary we have succeeded in exhibiting a DPO-type
direct derivation of X0 along the composite rule (O21  K21 ! I21) along
the admissible match (I21 ⇢ X0).

D.2 “Analysis” part

Suppose we were given a DPO-type direct derivation of an object X0 2 obj(C)
along a DPO-type composite rule as specified via the data of the diagram below:

O2 K2 I2 O1 K1 I1

O21 K2 J21 K1 I21

X2 X0

K21

K̄21

m
⇤
2

o2 i2

j2 j1

o1 i1

m1

(5)
PB

(82)
(81)

PO
PO

(22) (21)
PO

(32)
PO

(31)
PO PO

(40)

10 Note in particular that at this point, we are not using the rm-van Kampen property,
i.e., at least the “synthesis” construction would indeed be feasible via requiring C to
be merely a quasi-topos and not an rm-adhesive category. However, we shall see that
the “analysis” part of the proof relies upon precisely the rm-van Kampen property
in a crucial step.
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For the next step, let us first of all make explicit all information on the
nature of all squares and morphisms constructed thus far, and let us construct
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– By the universal property of pullbacks, there exists a morphism K21 ! K̄21.
– Since (11) and (12) are pushouts along M-morphisms and thus pullbacks,
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Construct the diagram below by taking pushouts to form the squares marked
(91), (92) and (10) (where we could have chosen w.l.o.g. to form square (11)
instead):
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m
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(131)PO
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(11)(132)
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– By the universal property of pushouts, there exist morphisms X̄0 ! X0,
X̄1 ! X1 and X̄1 ! X2.

– By pushout-pushout decomposition, the squares marked (11), (131) and
(132) are pushouts, and thus by stability of M-morphisms under pushouts,
all vertical morphisms of these squares are in M.

– Since C is by assumption an rm-adhesive category, by the rm-van Kampen
property the square marked (12) is found to be a pullback.

– Finally, by pushout composition, the squares (31)+(131), (21)+(10), (32)+
(11) and (32) + (132) are pushouts, whence we have indeed exhibited a se-
quence of two DPO-type direct derivations.

D.3 “Compatibility” part

Upon closer inspection of the steps followed in the “synthesis” and “analysis”
parts of the proof, respectively, note first that both parts render precisely the
same structure of commutative diagrams (where it is important to note that full
compatibility is ensured via the use of the rm-van Kampen property in order
to demonstrate that square (12) is a pullback). Therefore, the set of pairs of
DPO-admissible matches of rules into objects and the set of pairs of a DPO-
admissible match of rules and a DPO-admissible match of the composite rules
into objects are isomorphic precisely if we quotient each set by the relevant notion
of universal isomorphisms (i.e., the former set by the isomorphisms arising from
the universal property of multi-POCs, and the latter set by isomorphisms arising
from the universal property of multi-sums as well as by the universal property
of multi-POCs, respectively).
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Definition
General SqPO-rewriting semantics over a quasi-topos C:

• The set of SqPO-admissible matches of a rule rule ` = (P  E ! A) 2 bT�M(C) into an object s 2 Q#D(C) is
defined as

JSqPO

r (X ) := {I
m�! X | m 2 `K(C)} .

A SqPO-type direct derivation of s 2 Q#D(C) with rule ` along K 2 JSqPO

` (s) is defined as a diagram in (i),
where (R) is formed as an FPC, while (k) is formed as a pushout.

• The set of SqPO-type admissible matches of rules `k, `R 2 bT�M(C) (also referred to in the literature as depen-
dency relations) is defined as

MSqPO

`k (`R) := {(Dk, DR, �DR, �QR, ��DR, ��BR, ◆kR) | (Dk, DR) 2
X

M
(Ak, PR) ^ (�DR, �QR) 2 P(QR, DR) ^ (��DR, ��BR, ◆kR) 2 6S�(�DR, BR)}�⇠ ,

where equivalence is defined up to the compatible universal isomorphisms of multi-sums, multi-POCs and
FPAs (see below).

• An SqPO-type rule composition of two general rules `R, `k 2 bT�M(C) along an admissible match µ 2MSqPO

`k (`R)
is defined via a diagram as in (ii), where (going column-wise from the left) squares (kk), (e), and (9) are
pushouts, (RR) is the multi-POC element specified as part of the data of the match, (kR) and (j) form an FPA-
diagram as per the data of the match, and finally (Rk) and (8) are FPCs. We then define the composite rule
via span composition:

r2
µ
^ r1 := (O21  K 2 ! J21) � (J21  K 1 ! I21)

(i)

O K I

rm(X) X̄ X

m⇤

o

m̄

ō ī

i

m(2) (1)
(1) 

final pullback 
complement

(2) 
pushout
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ō2

◆⇤21
¯̄j2

¯̄i2¯̄o2

ō1
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ī2

j⇤2

ō2
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` (s) is defined as a diagram in (i),
where (R) is formed as an FPC, while (k) is formed as a pushout.

• The set of SqPO-type admissible matches of rules `k, `R 2 bT�M(C) (also referred to in the literature as depen-
dency relations) is defined as

MSqPO

`k (`R) := {(Dk, DR, �DR, �QR, ��DR, ��BR, ◆kR) | (Dk, DR) 2
X

M
(Ak, PR) ^ (�DR, �QR) 2 P(QR, DR) ^ (��DR, ��BR, ◆kR) 2 6S�(�DR, BR)}�⇠ ,

where equivalence is defined up to the compatible universal isomorphisms of multi-sums, multi-POCs and
FPAs (see below).

• An SqPO-type rule composition of two general rules `R, `k 2 bT�M(C) along an admissible match µ 2MSqPO

`k (`R)
is defined via a diagram as in (ii), where (going column-wise from the left) squares (kk), (e), and (9) are
pushouts, (RR) is the multi-POC element specified as part of the data of the match, (kR) and (j) form an FPA-
diagram as per the data of the match, and finally (Rk) and (8) are FPCs. We then define the composite rule
via span composition:

r2
µ
^ r1 := (O21  K 2 ! J21) � (J21  K 1 ! I21)

(ii)
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determine the multi-sum element  (uniquely up to universal isomorphisms)J21
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Take pullbacks to obtain squares  and  …(22) (21)

(22)
𝖯𝖡

(21)
𝖯𝖡
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Concurrent rule composition for non-linear SqPO rewriting

Take pullbacks to obtain squares  and  …(22) (21)
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𝖯𝖡

(21)
𝖯𝖡

… then pushouts to obtain squares  and  …(32) (31)
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Concurrent rule composition for non-linear SqPO rewriting

?!

… BUT  is not a monomorphism …  

                    …and the square marked ?! Is neither a pushout, FPC nor a pullback!

I21 → X0
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Resolution: form the epi-regular mono-factorization of I21 → X0
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… then take a pullback, resulting in two FPC squares. 
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Concurrent rule composition for non-linear SqPO rewriting

… then take a pullback, resulting in two FPC squares. 
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… then take a pushout, a pullback, and a pushout…
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… then take a pushout, a pullback, and a pushout…
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Concurreny theorem for non-linear SqPO rewriting<latexit sha1_base64="QSXEfRkiBChA3tERDpad4a/o0tw="></latexit>

Theorem
Let C be a quasi-topos, let sy 2 Q#D(C) be an object, and let `k, `R 2 bT�M(C) be two (generic)
rewriting rules.

1. Synthesis: For every pair of admissible matches KR 2 JSqPO

`R (sy) and Kk 2
JSqPO

`k (`RKR
(sy)), there exist an admissible match µ 2 MSqPO

`k (`R) and an admissible match
KkR 2 JSqPO

`kR (sy) (for `kR the composite of `k with `R along µ) such that `kRKkR
(sy) ⇠=

`kKk
(`RKR

(sy)).

2. Analysis: For every pair of admissible matches µ 2 MSqPO

`k (`R) and KkR 2 JSqPO

`kR (sy) (for
`kR the composite of `k with `R along µ), there exists a pair of admissible matches KR 2
JSqPO

`R (sy) and Kk 2 JSqPO

`k (`RKR
(sy)) such that `kKk

(`RKR
(sy)) ⇠= `kRKkR

(sy).

3. Compatibility: If in addition C is finitary, i.e., if for every object of C there exist only finitely
many regular subobjects up to isomorphisms, the sets of pairs of matches (KR, Kk) and
(µ, KkR) are isomorphic if they are suitably quotiented by universal isomorphisms, i.e., by
universal isomorphisms of sR = `RKR

(sy) and sk = `kKk
(sR) for the set of pairs (KR, Kk),

and by the universal isomorphisms of multi-sums, multi-POCs and FPAs for the set of
pairs (µ, KkR), respectively.
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Plan of the talk


1. Quasi-topoi in rewriting theory 
2. Prerequisites for non-linear rewriting 
3. Non-linear DPO rewriting 
4. Non-linear SqPO rewriting 
5. Conclusion and outlook
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Conclusion

• We have introduced a new “compositional” theory for non-linear DPO- 
and SqPO-type rewriting with completely generic rules over quasi-topoi. 

• Somewhat surprisingly, quasi-topoi pose a very natural setting for both types 
of semantics, admitting without additional axioms the crucial constructions of 
multi-sums, multi-pushout complements and FPC pushout 
augmentations. 

• “Compositionality” refers to the existence of suitable concurrency 
theorems, which for the case of DPO rewriting requires the underlying 
category to be regular-mono-adhesive.
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Outlook

• Investigate the associativity of rule compositions, which if it were to hold 
would permit to formulate rule algebras and tracelets in order to utilize non-
linear rewriting theory for CTMCs, enumerative graph combinatorics, network 
theory and modeling, …. 

• Is it strictly necessary for the case of non-linear DPO-type rewriting to be 
formulated over a rm-adhesive category, or could this requirement be 
relaxed to quasi-topoi as in the case of non-linear SqPO-type rewriting?
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