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Motivation

The enumerative combinatorics "workflow" (a la Flajolet):

combinatorial structure S

generating function of S

choice of patterns P

multi-variate generating function
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Viotivation
Example: planar rooted binary trees (PRBTS)

combinatorial structure S

generating function of S

choice of patterns P

multi-variate generating function
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Viotivation
Example: planar rooted binary trees (PRBTS)

combinatorial structure S

generating function of S

choice of patterns P

multi-variate generating function
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- semantics and stochastic rewriting theory
- concurrency theory
- algorithms for bio- and organo-chemistry
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A fundamental challenge: causal pathway dynamics

“Axin binds a region in the armadillo
repeat of B-catenin, if B-catenin is N
unphosphorylated at T41 and 529"
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Axin(CBD[.]),ctnnbl(armi[.],T41{u}[.],S829{u}[.]) —
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This talk

An alternative approach to enumerative combinatorics based upon rewriting theory:

generate structure S via applying
combinatorial structure S rewriting rules to some initial
configuration “in all possible ways”

count patterns via applying special
types of rewriting rules

formulate generating functions via
linear operators associated to
rewriting rules

generating function of S

choice of patterns P

multi-variate generating function

Key tool: the rule-algebra formalism!
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Plan of the talk

. Categorical Rewriting Theory
Il. Rule Algebra Framework

lll. Rule-Algebraic Combinatorics

PARIS
@ ‘ :DIDEROT ‘ @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020

uuuuuuuuu

EEEEEEEEEEE
EN INFORMATIQUE
FONDAMENTALE



On Stochastic Rewriting and Combinatorics
via Rule-Algebraic Methods*

Nicolas Behr

Université de Paris, CNRS, IRIF
F-75006, Paris, France

nicolas.behr@irif.fr

Building upon the rule-algebraic stochastic mechanics framework, we present new results on the
relationship of stochastic rewriting systems described in terms of continuous-time Markov chains,
their embedded discrete-time Markov chains and certain types of generating function expressions in
combinatorics. We introduce a number of generating function techniques that permit a novel form
of static analysis for rewriting systems based upon marginalizing distributions over the states of the
rewriting systems via pattern-counting observables.

1 Introduction

An important aspect of the standard theory of continuous-time Markov chains (CTMCs) [23] concerns
the well-known fact that the CTMC semantics may be equivalently described via a pair of discrete-time
Markov chains (DTMCs), where the so-called embedded DTMC encodes the probabilities for each of the
possible transitions, and with the second DTMC encoding the jump-times for the transitions. This feature
permits to design algorithms for simulating CTMCs, for instance in the form of Gillespie’s stochastic
simulation algorithms for chemical reaction systems [20], but in particular also in several variations for
the simulation of stochastic rewriting systems, such as via the KaSim simulation engine of the Kappa
platform [13]. The main contribution of the present paper consists in uncovering a hitherto unknown
intimate relationship between three types of moment generating functions that are constructable from the
data that specifies a stochastic rewriting system, and for a chosen set of pattern count observables: those
of the CTMC itself, those of the embedded DTMC, and those of the (weighted) combinatorial species
generated by the rewriting rules.

2 Prerequisite: the rule algebra framework

The methodology developed in the present paper relies heavily upon the mathematical formalism intro-
ducedin[2, 3, 9,4, 7, 10], yet due to space restrictions, we will only provide some notations and essential
definitions here, inviting the interested readers to consult loc. cit. for the full technical details.

2.1 DPO- and SqPO-type compositional rewriting semantics

Throughout this paper, we will consider categorical rewriting theories over categories that satisfy the
following sets of properties (with DPO- and SqQPO-semantics to be introduced below)!:

*The author would like to thank Paul-André Mellies and Noam Zeilberger for fruitful discussions and valuable feedback.
IWe invite the readers to consult [6] or [7] for compact accounts of the relevant technical definitions of .# -adhesive cate-
gories, pullbacks, pushouts, pushout complements, final pullback complements and their respective properties.

© N. Behr

Submitted to: This work is licensed under the

Main references and further reading

Compositionality of Rewriting Rules with Conditions

Nicolas Behr and Jean Krivine

Université de Paris, CNRS, IRIF, F-75006, Paris, France

We extend the notion of compositional associative rewriting as recently studied in
the rule algebra framework literature to the setting of rewriting rules with conditions.
Our methodology is category-theoretical in nature, where the definition of rule com-
position operations is encoding the non-deterministic sequential concurrent application
of rules in Double-Pushout (DPO) and Sesqui-Pushout (SqPO) rewriting with applica-
tion conditions based upon M-adhesive categories. We uncover an intricate interplay
between the category-theoretical concepts of conditions on rules and morphisms, the
compositionality and compatibility of certain shift and transport constructions for con-
ditions, and thirdly the property of associativity of the composition of rules.

1 Introduction and relation to previous work

Graph rewriting has emerged as a powerful formalism to represent complex systems whose dy-
namics can be captured by a finite set of rules. The rule-based modeling approach, originally
introduced by V. Danos and C. Laneve in the early 2000’s [32-34], has developed into one of the
main frameworks for the study of biochemical reaction systems (in the form of the two main frame-
works KAPPA [20, 29] and BIONETGEN]18, 50]). The approach proposes to model protein-protein
interaction networks using graph rewriting models, in which proteins are the vertices of a graph
whose connected components denote molecular complexes. As formal methods are expending in
the molecular biology community, it is expected that large models describing signaling pathways
and self-assembling processes occurring in the cell will be commonplace in a near future.

While the algorithmic aspects of graph rewriting are well-studied, programming language ap-
proaches to modeling with graphs are to date still a comparatively underdeveloped topic. Contrary
to classical term rewriting, the notion of a match of a graph rewriting rule and its effects on a
term (a graph) is subject to various definitions, allowing more of less control over possible rewrites.
In addition, the mere nature of the graphs that are being rewritten impacts both the algorithmic
design and expressiveness of graph rewriting. Category theory is a practical toolkit for equipping
graphs with well-defined operational semantics. Double-Pushout (DPO) rewriting [27] is a pop-
ular technique, partly because it does not yield side effects when rules are applied (which makes
it amenable to static analysis for instance). However, when a graph rewriting rule entails node
deletion, DPO semantics will not allow a match of such a rule to trigger if the node that is deleted
is connected outside the domain of the match (which would yield side effect). This has limited
the practicality of DPO semantics in the context of biological modeling, where more permissive
techniques have been employed. Sesqui-Pushout (SqPO) rewriting [26] in particular is the tech-
nique that is used to rewrite KAPPA graphs [29], one of the main graph rewriting formalisms for
biological models.

Quite orthogonal to the issue of defining rule matches and effects, having access to a fine-grained
control over rule triggering is a key issue when graph rewriting is used as a modeling language. To
this aim, graph rewriting rules have been equipped with application conditions [38, 47|, which can
be seen as constraints that need to be checked “on the fly” when a rewrite rule is applied.

This paper presents a compositional variant of DPO and SqPO-type rewriting for rules with
conditions in a very general category-theoretical setting. From a mathematical perspective, while

Nicolas Behr: nicolas.behr@irif.fr, http://nicolasbehr.com, corresponding author; the work of N.B. was supported by a
Marie Sktodowska-Curie Individual fellowship (Grant Agreement No. 753750 — RaSiR)

Jean Krivine: jean.krivineQirif.fr, https://www.irif.fr/~jkrivine/homepage/Home.html

Rewriting Theory for the Life Sciences:
A Unifying Theory of CTMC Semantics*

Nicolas Behr! $[0000-0002—8738—5040] 410 Jean Krivine2[0000—0001—7261-7462]

! Center for Research and Interdisciplinarity (CRI)
Université de Paris, INSERM U1284
8-10 Rue Charles V, 75004 Paris, France
nicolas.behr@cri-paris.org
2 Institut de Recherche en Informatique Fondamentale (IRIF)
Université de Paris, CNRS UMR 8243
8 Place Aurélie Nemours, 75205 Paris Cedex 13, France
jean.krivine@irif.fr

Abstract. The Kappa biochemistry and the M@D organo-chemistry
frameworks are amongst the most intensely developed applications of
rewriting theoretical methods in the life sciences to date. A typical fea-
ture of these types of rewriting theories is the necessity to implement
certain structural constraints on the objects to be rewritten (a protein
is empirically found to have a certain signature of sites, a carbon atom
can form at most four bonds, ...). In this paper, we contribute to the
theoretical foundations of these types of rewriting theory a number of
conceptual and technical developments that permit to implement a uni-
versal theory of continuous-time Markov chains (CTMCs) for stochastic
rewriting systems. Our core mathematical concepts are a novel rule al-
gebra construction for the relevant setting of rewriting rules with condi-
tions, both in Double- and in Sesqui-Pushout semantics, augmented by a
suitable stochastic mechanics formalism extension that permits to derive
dynamical evolution equations for pattern-counting statistics.

Keywords: Double-Pushout rewriting - Sesqui-pushout rewriting - rule
algebra - stochastic mechanics - biochemistry - organic chemistry.

1 Motivation

One of the key applications that rewriting theory may be considered for in the
life sciences is the theory of continuous-time Markov chains (CTMCs) model-
ing complex systems. In fact, since Delbriick’s seminal work on autocatalytic
reaction systems in the 1940s [20], the mathematical theory of chemical reac-
tion systems has effectively been formulated as a rewriting theory in disguise,
namely via the rule algebra of discrete graph rewriting [!1]. In the present
paper, we provide the necessary technical constructions in order to consider

* An extended version of this paper containing additional technical appendices is avail-
able online [9].
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Building upon the rule-algebraic stochastic mechanics framework, we present new results on the
relationship of stochastic rewriting systems described in terms of continuous-time Markov chains,
their embedded discrete-time Markov chains and certain types of generating function expressions in
combinatorics. We introduce a number of generating function techniques that permit a novel form
of static analysis for rewriting systems based upon marginalizing distributions over the states of the
rewriting systems via pattern-counting observables.
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Main references and further reading

Compositionality of Rewriting Rules with Conditions

Nicolas Behr and Jean Krivine

Université de Paris, CNRS, IRIF, F-75006, Paris, France

We extend the notion of compositional associative rewriting as recently studied in
the rule algebra framework literature to the setting of rewriting rules with conditions.
Our methodology is category-theoretical in nature, where the definition of rule com-
position operations is encoding the non-deterministic sequential concurrent application
of rules in Double-Pushout (DPO) and Sesqui-Pushout (SqPO) rewriting with applica-
tion conditions based upon M-adhesive categories. We uncover an intricate interplay
between the category-theoretical concepts of conditions on rules and morphisms, the
compositionality and compatibility of certain shift and transport constructions for con-
ditions, and thirdly the property of associativity of the composition of rules.
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Main references and further reading
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Set intersection (of two sets within another set)
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Set intersection (of two sets within another set)
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Set (relative) complement
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Set (relative) complement
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Van Kampen property (Lack & Sobocinski 2003)

T the bottom sguare is a pushout
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Van Kampen property (Lack & Sobocinski 2003)

T the bottom sguare is a pushout
and the front squares are pullbacks. ..

... then the bottom square Is a
van Kampen square, .€. the
following property holds:
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Van Kampen property (Lack & Sobocinski 2003)
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T the bottom sguare is a pushout

»
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@
/\ / / 1he back squares are
pullbacks it and only It the
/‘ top sguare Is a pushout.

... then the bottom sguare is a
van Kampen square, .€. the
following property holds:

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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The basic prerequisites for category-theoretical rewriting theories
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[ he basic prerequisites for category-theoretical rewriting theories

A category C is adhesive f
1. C has all pullbacks

2. C has pushouts along monomorphisms
3. Pushouts along monomorphisms are van Kampen squares.

S. Lack & P. Sobocinski (2005). Adhesive and quasiadhesive categories. RAIRO-Theoretical Informatics and Applications, 39(3), 511-545.
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[ he basic prerequisites for category-theoretical rewriting theories

A category C is adhesive f
1. C has all pullbacks

2. C has pushouts along monomorphisms
3. Pushouts along monomorphisms are van Kampen squares.

S. Lack & P. Sobocinski (2005). Adhesive and quasiadhesive categories. RAIRO-Theoretical Informatics and Applications, 39(3), 511-545.

A category C is finitary if every object X € ob(C) has only finitely many subobjects (up to isomorphism).

K. Gabriel, B. Braatz, H. Ehrig & U. Golas (2014). Finitary M-adhesive categories. Mathematical Structures in Computer Science, 24(4).
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[ he basic prerequisites for category-theoretical rewriting theories

A category C is adhesive f

1. C has all pullbacks

2. C has pushouts along monomorphisms

3. Pushouts along monomorphisms are van Kampen squares.

S. Lack & P. Sobocinski (2005). Adhesive and quasiadhesive categories. RAIRO-Theoretical Informatics and Applications, 39(3), 511-545.

A category C is finitary if every object X € ob(C) has only finitely many subobjects (up to isomorphism).
K. Gabriel, B. Braatz, H. Ehrig & U. Golas (2014). Finitary M-adhesive categories. Mathematical Structures in Computer Science, 24(4).
A category C possesses a strict initial object @& € |C| (the “empty object”) if

1. VX €obC): Ay : & < X) € mono(C)
2. VX€obC):dX-> @) > X= O

:DIDEROT @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020



Example: presheaves

Definition: For S a (small) category, the category S of presheaves over S has
objects of S are functors I ;: S — SET
morphisms of S are natural transformations @ : FF - G
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Example: presheaves

Definition: For S a (small) category, the category S of presheaves over S has
objects of S are functors I ;: S — SET
morphisms of S are natural transformations @ : FF - G

A \)
Special case: (directed) multigraphs as G, where G : V= E
[
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Example: presheaves

Definition: For S a (small) category, the category S of presheaves over S has
objects of S are functors I ;: S — SET
morphisms of S are natural transformations @ : FF - G

A \)
Special case: (directed) multigraphs as G, where G : V= E
[

= a graph G is given by the data G(V') (set of vertices), G(E) (set of edges)
and two morphisms G(s), G(¢) : G(E) — G(V) (source/target maps)
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Example: presheaves

Definition: For S a (small) category, the category S of presheaves over S has
objects of S are functors I ;: S — SET
morphisms of S are natural transformations @ : FF - G

A \)
Special case: (directed) multigraphs as G, where G : V= E
[

= a graph G is given by the data G(V') (set of vertices), G(E) (set of edges)
and two morphisms G(s), G(¢) : G(E) — G(V) (source/target maps)

= a graph homomorphism ¢ = (¢, @) : G; = G, is a natural transformation, i.e.

G G (¢
G,(E) 2, G,(v) G,(E) 2% G, (V)
s | |® s | |®
commute
Gz(E) > Gz(V) Gz(E) —_— Gz(V)
G5(s) G, (1)
PARIS ‘ @ LT EES:%}?RE;::ZUE
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Pushouts implement “gluing” along partial overlaps

‘/ \)

B C _ A — Iintersectionof Band Cin D
Interpretation: _
D — unionof Band C along A
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Pushouts implement “gluing” along partial overlaps

./ \)

7N

A — intersectionof Band Cin D
*——=0 @——@® |nterpretation:

D — unionof Band C along A
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Pushouts implement “gluing” along partial overlaps

N
‘\c) 2

/ ) \
A — Intersectionof Band CinD

o—~—o FO @—® |nterpretation: _ !
/ D — unionof Band C along A

o——0——0
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Pushout complements implement partial deletions
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Pushout complements implement partial deletions
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Pushout complements implement partial deletions

N

POC

<

v. )
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Sources of constructions of adhesive categories
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Sources of constructions of adhesive categories

—very topos (elementary or Grothendiek) is an adhesive category.

S. Lack & P. Sobocinski (2000). Toposes are adhesive. In Proceedings of the Third
international conference on Graph Transformations (pp. 184-198). Springer-Verlag.
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Sources of constructions of adhesive categories

—very topos (elementary or Grothendiek) is an adhesive category.

S. Lack & P. Sobocinski (2000). Toposes are adhesive. In Proceedings of the Third
international conference on Graph Transformations (pp. 184-198). Springer-Verlag.

Categorical constructions that yield new adhesive categories:
cartesian proaduct
slice and coslice
comma categories (and other functor category constructions)
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Sources of constructions of adhesive categories

—very topos (elementary or Grothendiek) is an adhesive category.

S. Lack & P. Sobocinski (2000). Toposes are adhesive. In Proceedings of the Third
international conference on Graph Transformations (pp. 184-198). Springer-Verlag.

Categorical constructions that yield new adhesive categories:
cartesian proaduct
slice and coslice Analytic
comma categories (and other functor category constructions) Combinatorics

Philippe Flajolet and
Robert Sedgewick
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On Stochastic Rewriting and Combinatorics
via Rule-Algebraic Methods™

Nicolas Behr

Université de Paris, CNRS, IRIF
F-750006, Paris, France

nicolas.behr@irif.fr

Building upon the rule-algebraic stochastic mechanics framework, we present new results on the
relationship of stochastic rewriting systems described 1n terms of continuous-time Markov chains,
their embedded discrete-time Markov chains and certain types of generating function expressions in
combinatorics. We introduce a number of generating function techniques that permit a novel form
of static analysis for rewriting systems based upon marginalizing distributions over the states of the
rewriting systems via pattern-counting observables.
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Running example: planar rooted binary trees (PRBTs)
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Running example: planar rooted binary trees (PRBTS)
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Running example: planar rooted binary trees (PRBTS)
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Running example: planar rooted binary trees (PRBTS)

prePRBF := FinGraph /Tprsr, Tprpr := C%Q

Il

how to encode the structural properties of PRBTs?
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Constraints formalism for adhesive categories

Definition. For an adhesive, extensive and finitary category €, constraints are recursively de-
fined as follows: let p : P — P’ be a monomorphism.

EN INFORMATIQUE

PA:R!?M ‘ @ | | | l DE RECHERCHE
[PIDEROT Nicolas Behr, SOCS 2020, IRIF, December 11, 2020 FONDAMENTALE



Constraints formalism for adhesive categories

Definition. For an adhesive, extensive and finitary category €, constraints are recursively de-
fined as follows: let p : P — P’ be a monomorphism.

(

* pFtrue — inwords: "p satisfies the condition true’
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Constraints formalism for adhesive categories

Definition. For an adhesive, extensive and finitary category €, constraints are recursively de-
fined as follows: let p : P — P’ be a monomorphism.

(

® pF true — IN WOrds:

e for every mono a : P — Q and every condition cq (over Q), p

Mmono q : Q — P’ suchthatp =qgoaandq

p satisfies the condition true’

(a, cq) Iff there exists a

(a,cq) = P > () == cq
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Constraints formalism for adhesive categories

Definition. For an adhesive, extensive and finitary category €, constraints are recursively de-
fined as follows: let p : P — P’ be a monomorphism.

(

® pF true — IN WOrds:

e for every mono a : P — Q and every condition cq (over Q), p

p satisfies the condition true’

(a, cq) Iff there exists a

mono q: Q — P’ suchthatp =qoaandqF cq
/ // '
e forc,c', c’ constrants, - .
J(a,cqg) = P > () ==
— p:—|c c > —|(p:C) \ /,//\é
P /// q

- pE(CAC) & (PEC)A(PEC) ot
‘ W | T F eenecnencne
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Constraints formalism for adhesive categories

Definition. For an adhesive, extensive and finitary category €, constraints are recursively de-
fined as follows: let p : P — P’ be a monomorphism.

(

* pF true — Inwords: "p satisfies the condition true’

e for every mono a : P — Q and every condition cq (over Q), p
mono q: Q — P’ suchthatp =qoaandqF cq

(a, cq) Iff there exists a

e forc, c’ ¢’ constraints,

(a,cq) = P > () == cq

— p — —C :@ —|(p — C) X‘ /////\é
- q
(C/ /\ C//) + (p __ - C//) g

- pE =c)A (PR

Definition. An object X € obj(C) is defined to satisfy a constraint c4 (i.e. a condition formu-
ated over the initial object @ € obj(C)) Iff (tx : @ — X) F cgy.
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Running example: planar rooted binary trees (PBRTSs)
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Running example: planar rooted binary trees (PBRTSs)

prePRBF := FinGraph/Tprgr, Tergr := %9

PARIS
@ ‘ :DIDEROT ‘ @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020

TTTTTTTTT
EEEEEEEEEEE

EN INFORMATIQUE
FONDAMENTALE



Running example: planar rooted binary trees (PBRTSs)

prePRBF := FinGraph/Tprgr, Tergr := %9

Il

(—) (+)

CPRBF ‘= Cpgrpr /\ CprpF
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Running example: planar rooted binary trees (PBRTSs)

prePRBF := FinGraph/Tprgr, Tergr := %9

Il

(—) (+)

CPRBF ‘= Cpgrpr /\ CprpF

CI(D;Q}%F o= /\ ADB < N), Nprpr = { I;\, j}}: , L\I\La R}’R > U U {Tf\g : TGT' : TQT'}

NENppBF / T,T’E{I,L,R}
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Running example: planar rooted binary trees (PBRTSs)

prePRBF := FinGraph/Tprgr, Tergr := %9

Il

(—) (+)

CPRBF ‘= Cpgrpr /\ CprpF

CI(D;Q}%F o= /\ ADB < N), Nprpr = { I;\, j}}: , L\I\La R}’R > U U {Tf\g : TQT' : TQT'}

NENppBF T,T’E{I,L,R}

e =V (@ N3N = A AV (2= F3 (5 = N
/\TGQ,R}\V/ (@ - TI? T’e{\I(L,R}EI (TI% TD)
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Running example: planar rooted binary trees (PBRTSs)

prePRBF := FinGraph/Tprgr, Tergr := %9

(—) (+)

CPRBF ‘= Cpgrpr /\ CprpF

(—)

CpPRBF =

(+)

CpPRBF +—

We then de

NeNprpF

AA V(@%TI,

Te{L,R}

colnciding ©

Porgr := {X - Obj(prePRBF)g ‘ X FE C;T:\))BF . SpreF 1= {X € Pprir ‘ X F

- course with the set of

)

Il

T,T'€{I.LR}

V(e NI N AT o A3 < A)

T’e{\I(L,R} i ( e D)

q

SES):

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020

A Beon. = {40t fo U (A )

ne the set Pprgep Of PRBF patterns and the set Sprge Of states (with the latter
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The central "workflow™ of categorical rewriting theory

Fix an adhesive finitary extensive category C

PARIS
@ ‘ PIDEROT ‘ @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020

uuuuuuuuu

EEEEEEEEEEE
EN INFORMATIQUE
FONDAMENTALE



The central "workflow™ of categorical rewriting theory

Fix an adhesive finitary extensive category C

Isomorphism classes of objects of C will model the configurations.
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1he central "workflow™ of categorical rewriting theory

Fix an adhesive finitary extensive category C
Isomorphism classes of objects of C will model the configurations.

Isomorphism classes of spans of monomorphisms will model the
transitions, also referred to as (linear) rewriting rules:

r=(0LD=0SKS D

Note: here, “isomorphism” refers to entry-wise isomorphisms of the spans that encode rules, 1.e. not the
standard notion of isomorphism of spans
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The foundation: "compositional" rewriting theory
for linear rules with conditions (DPO & SqPO)

Compositionality of Rewriting Rules with Conditions

Nicolas Behr and Jean Krivine

IRIF, Université Paris-Diderot (Paris 07), F-75013 Paris, France

We extend the notion of compositional associative rewriting as recently studied in
the rule algebra framework literature to the setting of rewriting rules with conditions.
Our methodology is category-theoretical in nature, where the definition of rule com-
position operations is encoding the non-deterministic sequential concurrent application
of rules in Double-Pushout (DPO) and Sesqui-Pushout (SqPO) rewriting with applica-
tion conditions based upon M-adhesive categories. We uncover an intricate interplay
between the category-theoretical concepts of conditions on rules and morphisms, the
compositionality and compatibility of certain shift and transport constructions for con-
ditions, and thirdly the property of associativity of the composition of rules.

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Compositionality of Rewriting Rules with Conditions

Nicolas Behr and Jean Krivine

IRIF, Université Paris-Diderot (Paris 07), F-75013 Paris, France

We extend the notion of compositional associative rewriting as recently studied in
the rule algebra framework literature to the setting of rewriting rules with conditions.
Our methodology is category-theoretical in nature, where the definition of rule com-
position operations is encoding the non-deterministic sequential concurrent application
of rules in Double-Pushout (DPO) and Sesqui-Pushout (SqPO) rewriting with applica-
tion conditions based upon M-adhesive categories. We uncover an intricate interplay
between the category-theoretical concepts of conditions on rules and morphisms, the
compositionality and compatibility of certain shift and transport constructions for con-
ditions, and thirdly the property of associativity of the composition of rules.

The foundation: "compositional®
for linear rules with conditions (DPO & SqPO
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The suitable notion of rules with conditions

Definition 1. Let Lin(C) denote the class of (linear) rules with conditions, defined as

Lin(C) = {(0 < K25 I:¢)) | 0,i € M, ¢ € cond(C)}. A)
We define two rules with conditions R = (rj, i) j = 1,2)
equivalent, denoted R, ~ Ry, iff ¢;, = ¢, and if there exist Or«—— K1 —— I
isomorphisms w, &, ¢ € iso(C) such that the diagram on the ~ | w ~ |k ~,  (2)
ight commutes. We denote by Lin(C). the set of equiva- O e e T
ence classes under ~ of rules with conditions. - : C e
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The suitable notion of rule applications

Definition 2. Letr = (O <+» K< 1) € Lin(C) and ¢, € cond(C) be concrete representatives of
some equivalence class R € Lin(C).., and let X, Y € obj(C) be objects. Then a type T direct
derivation is defined as a commutative diagram such as below right, where all morphism are in

M (and with the left representation a shorthand notation)

O A I O < > K C > [
N N a f] N
Y - X Y < > K » X

with the following pieces of information required relative to the type:

1. T=DPO: gven (m : I < X) € M, m is a DPO-admissible match of R into X,
denoted m € Mg (X), if m E ¢y and (A) is constructable as a pushout complement, in

which case (B) is constructed as a pushout.
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The suitable notion of rule applications

Definition 2. Letr = (O <+» K< 1) € Lin(C) and ¢, € cond(C) be concrete representatives of
some equivalence class R € Lin(C).., and let X, Y € obj(C) be objects. Then a type T direct
derivation is defined as a commutative diagram such as below right, where all morphism are in

M (and with the left representation a shorthand notation)

O A I O < > K C > I
N N a f] N
Y « X Y < > K » X

with the following pieces of information required relative to the type:

2. T=8qPO: gven (m : | — X) € M, m is a SgPO-admissible match of R into X,
denoted m € MF™(X), if m E ¢, in which case (A) is constructed as a final pullback

complement and (B) as a pushout.
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The suitable notion of rule applications

Definition 2. Letr = (O <+» K< 1) € Lin(C) and ¢, € cond(C) be concrete representatives of
some equivalence class R € Lin(C).., and let X, Y € obj(C) be objects. Then a type T direct
derivation is defined as a commutative diagram such as below right, where all morphism are in

M (and with the left representation a shorthand notation)

O A I O < > K C > [
N N a f] N
Y « X Y < > K » X

with the following pieces of information required relative to the type:

2. T=8qPO: gven (m : | — X) € M, m is a SgPO-admissible match of R into X,
denoted m € MF™(X), if m E ¢, in which case (A) is constructed as a final pullback

complement and (B) as a pushout.

Fortypes T € {DPO, SqPO}, we will sometimes employ the notation Ry, (X) for the object Y.
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The suitable notion of rule applications

Definition 2. Letr = (O <+» K< 1) € Lin(C) and ¢, € cond(C) be concrete representatives of
some equivalence class R € Lin(C).., and let X, Y € obj(C) be objects. Then a type T direct
derivation is defined as a commutative diagram such as below right, where all morphism are in

M (and with the left representation a shorthand notation)

O A I O < > K C > [
N N a f] N
Y « X Y < > K » X

with the following pieces of information required relative to the type:

3. T =DPOT: givenjustthe “‘plainrule” rand (m* : O — Y) € M, m* isa DPO'-admissible
match of r into X, denoted m € M?%°" (Y), if (B) is constructable as a pushout com-
plement, in which case (B) is constructed as a pushout.
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a TRACELET
(of length 5)
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The suitable notion of rule compositions

Definition 3. Let Ry, R, € Lin(C).. be two equivalence classes of rules with conditions, and let
ri € Lin(C) and ¢, be concrete representatives of R; (for j = 1, 2). For T € {DPO, SqPO}, an M-
span p = (lp <= My; < Oq) (i.e. with (My; < O4), (M1 < |5) € M) is a T-admissible match
of R, into R; if the diagram below is constructable (with Ny constructed by taking pushout)

r
02’ = ]2<
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The suitable notion of rule compositions

Definition 3. Let Ry, R, € Lin(C).. be two equivalence classes of rules with conditions, and let
ri € Lin(C) and ¢, be concrete representatives of R; (for j = 1, 2). For T € {DPO, SqPO}, an M-
span p = (lp <= My; < Oq) (i.e. with (My; < O4), (M1 < |5) € M) is a T-admissible match
of R, into R; if the diagram below is constructable (with Ny constructed by taking pushout)

J "1 [1

]2 < > Mgl ‘ ? 01
\ PO / (4)
- Nayp

02’ L2
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The suitable notion of rule compositions

Definition 3. Let Ry, R, € Lin(C).. be two equivalence classes of rules with conditions, and let
ri € Lin(C) and ¢, be concrete representatives of R; (for j = 1, 2). For T € {DPO, SqPO}, an M-
span p = (lp <= My; < Oq) (i.e. with (My; < O4), (M1 < |5) € M) is a T-admissible match
of R, into R; if the diagram below is constructable (with Ny constructed by taking pushout)

T2 1
02 - £ 14

]2 < > Mgl ‘ ? 01
| T \ PO / 4)
Noq

Y
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The suitable notion of rule compositions

Definition 3. Let Ry, R, € Lin(C).. be two equivalence classes of rules with conditions, and let
ri € Lin(C) and ¢, be concrete representatives of R; (for j = 1, 2). For T € {DPO, SqPO}, an M-
span p = (lp <= My; < Oq) (i.e. with (My; < O4), (M1 < |5) € M) is a T-admissible match
of R, into R; if the diagram below is constructable (with Ny constructed by taking pushout)

1

02’ L2

]2 < > Mgl ‘ > 01 [1
N / pPO | 4)
Noy +

Y
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The suitable notion of rule compositions

Definition 3. Let Ry, R, € Lin(C).. be two equivalence classes of rules with conditions, and let
ri € Lin(C) and ¢, be concrete representatives of R; (for j = 1, 2). For T € {DPO, SqPO}, an M-
span p = (lp <= My; < Oq) (i.e. with (My; < O4), (M1 < |5) € M) is a T-admissible match
of R, into R; if the diagram below is constructable (with Ny constructed by taking pushout)

1

02’ T2

R > Moq < ? 01 I
NG / pPO | 4)
Nay 4

Y

and it ¢i,, # false. Here, the condition c,,, Is computed as

Cly; +— Shlft(/l — 121, C/l) N\ Trans(N21 — 121, Sh|ft(l2 — N21, C/Q)) : (6)

| 1
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The suitable notion of rule compositions

Definition 3. Let Ry, R, € Lin(C).. be two equivalence classes of rules with conditions, and let
ri € Lin(C) and ¢, be concrete representatives of R; (for j = 1, 2). For T € {DPO, SqPO}, an M-
span p = (lp <= My; < Oq) (i.e. with (My; < O4), (M1 < |5) € M) is a T-admissible match
of R, into R; if the diagram below is constructable (with Ny constructed by taking pushout)

1

02’ T2

R > Moq < ? Ol I
NG / pPO | 4)
Nay 4

Y

and it ¢i,, # false. Here, the condition c,,, Is computed as
Cr,, := Shift(; < l1,c,) N Trans(Nyy — Iy, Shift(ls < Nop,cp,)) . 5)
In this case, we detine the type T composition of R, with R, along 1, denoted Ry*irRy, as
Rotar Ry = [(021 “— /21;C/21)]~, (©)

where (01 < lp1) := (021 «— Np1) o (N21 — I51) (with o the span composition operation).

@ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Physics insight: the rule algebra formalism

(01) w5 (0 1)

a basis vector

a rule
of a vector space K
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Physics insight: the rule algebra formalism

(01) w5 (0 1)

a basis vector

a rule
of a vector space K

Definition: the rule algebra product x1 : R X R — R is defined via

7!
5(r2) *R 5(r1) = Z 5 (r2 < r‘l) “sum over ways to compose the rules”

,LLEMrZ (r1)

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Physics insight: the rule algebra formalism

(OJ—I) OO 5(OJ—

)

a basis vector

a rule

of a vector space R

Definition: the rule algebra product x1 : R X R — R is defined via

i(rg) g O(r1) == » 0 (rz < r1>

ILLEMFZ(H)
2 % I'1
O, - o Oy -
\3 . \ / )
Ozt - No1

\ /

o
Nicolas Behr,r %Cﬁ)@ 26§@, ?FQFF December 11, 2020

“sum over ways to compose the rules”
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Physics insight: the rule algebra formalism

Definition: the rule algebra product *x : R X R — R is defined via

(r2) *R (r1 ) | — r2 4 r1 sum over ways to compose the rules

ILLEMFZ (r1)

Theorem LiCS 2016, CSL 2018, GCM 2019, LMCS 2020, ICGT 2020

The rule algebra (R, *r) is an associative unital algebra,

with unit element /(o — 9).

= a hew fundamental tool in rewriting theory, combinatorics
and concurrency theory

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Mathematics of chemical reactions

Example: 2X+—X (o €Rxp)
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Mathematics of chemical reactions

Example: 2X+—X (o €Rxp)
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Mathematics of chemical reactions

Example: 2X+—X (o €Rxp)
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Mathematics of chemical reactions

Example: 2X+—X (o €Rxp)

pn(t) == Pr(#X =nattimet) = ?
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uuuuuuuuu

EEEEEEEEEEE
EN INFORMATIQUE
FONDAMENTALE



universite

§DiDEROT

Université de Paris

Mathematics of chemical reactions

Example: 2X+— X

(7 € Ryo)

-

Oy P(t;x) = [ (X%0x — R0y )

a linear operator...

T

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020

Max Delbriick (1906-1981)
1969 Nobel Prize laureate
(medicine and physiology)
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Mathematics of chemical reactions

Example:

2X — X

(

c R-o)

-

Oy P(t;x) = [ (X%0x — R0y )

a linear operator...

| Pt %)

0
n . Xn—1

fn=20
ifn>0

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020

Max Delbriick (1906-1981)
1969 Nobel Prize laureate
(medicine and physiology)
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Rule algebra framework (Part )

Observation: x" — basis vector (of the vector space of polynomials in x)

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020

uuuuuuuuu

EEEEEEEEEEE
EN INFORMATIQUE
FONDAMENTALE



universite

gDiDEROT

Université de Paris

Rule algebra framework (Part )

Observation: x" — basis vector (of the vector space of polynomials in x)

= analogous concept for rewriting theory:

‘X> — basis vector (of a vector space of configurations C ,
e.g. graphs, trees, molecules, ....)

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Rule algebra framework (Part )

Observation: x" — basis vector (of the vector space of polynomials in x)

= analogous concept for rewriting theory:

‘X> — basis vector (of a vector space of configurations C ,
e.g. graphs, trees, molecules, ....)

Example: |n> = |0 0> (here: configuration = iso-class of graph)

n vertices

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Rule algebra framework (Part )

Observation: x" — basis vector (of the vector space of polynomials in x)

= analogous concept for rewriting theory:

‘X> — basis vector (of a vector space of configurations C ,
e.g. graphs, trees, molecules, ....)

Example: |n> = |0 0> (here: configuration = iso-class of graph)

n vertices

Key step: from rules to linear operators on é

O — |
p(0M) [X) = ) [rm(X)) /
meM;(X)
“sum over all ways to apply r to X” rm (X) ‘

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Rule algebra framework (Part Il) p(M) 1X) = 3 (X))

mEMr(X)

Theorem LiCS 2016, CSL 2018, GCM 2019, LMCS 2020, ICGT 2020

p: R — End(C) is a representation of the rule algebra (R, *z), i.e.

p(0(r2)) p(0(r1)) [X) = p(d(r2) x= 9(r1)) [X)

EN INFORMATIQUE
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Rule algebra framework (Part Il) p(M) 1X) = 3 (X))

mEMr(X)

Theorem LiCS 2016, CSL 2018, GCM 2019, LMCS 2020, ICGT 2020

p: R — End(C) is a representation of the rule algebra (R, *z), i.e.

p(0(r2)) p(0(r1)) [X) = p(d(r2) x= 9(r1)) [X)

n) = Je..e) Example: <« X"
p(o(e = 2))In) = [n+1) < X(x") = xM
0 ifn=0 0 ifn=0
(D — N = ax X" = :
(o ) Im {n-|n1> ifn>0 T () {n-xn1 ifn>0

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Rule algebra framework (Part Il) p(M) 1X) = 3 (X))

mEMr(X)

Theorem LiCS 2016, CSL 2018, GCM 2019, LMCS 2020, ICGT 2020

p: R — End(C) is a representation of the rule algebra (R, *z), i.e.

p(0(r2)) p(0(r1)) [X) = p(d(r2) x= 9(r1)) [X)

n) = Je..e) Example: <« X"
p(o(e=2))In) = [n+1) o x(xM) = x™
0 ifn=0 0 ifn=0
(D — N = ax X" = :
(o ) Im {n-n1> ifn>0 T () {n-xn1 ifn>0

Application to the case of the reaction 2X +— X (v € Rso)

(820, — %0y

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Rule algebra framework (Part Il) p(M) 1X) = 3 (X))

mEMr(X)

Theorem LiCS 2016, CSL 2018, GCM 2019, LMCS 2020, ICGT 2020

p: R — End(C) is a representation of the rule algebra (R, *z), i.e.

p(0(r2)) p(0(r1)) [X) = p(d(r2) x= 9(r1)) [X)

n) = Je..e) Example: <« X"
p(o(e=2))In) = [n+1) o x(xM) = x™
0 ifn=0 0 ifn=0
(D — N = ax X" = :
(o ) Im {n-n1> ifn>0 T () {n-xn1 ifn>0

Application to the case of the reaction 2X +— X (v € Rso)

(,0(5(0 o 0)) — p(5(0 ‘- o))) > (>“<2c‘9x — )A(@X)

= Delbruck’s evolution operator explained via rewriting theory!
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Defining combinatorial structures via generators

Definition 4. Consider a rewriting system over some suitable category G that consists of a
finite set of rules with conditions Ry, ..., R, € Lin(C). For some choice of parameters
Y1, ..., Yn € R, define a linear operator

n
G:=>» 7p(8(R)). (/)
J=1
s A I
DIDEROT | XX Nicolas Behr, SOCS 2020, IRIF, December 11, 2020 PAAARIaA




Defining combinatorial structures via generators

Definition 4. Consider a rewriting system over some suitable category € that consists of a

finite set of rules with conditions Ry, ..., R, € Lin(C). For some choice of parameters
Y1, ..., Yn € R, detine a linear operator

G := ZVJP@(RJ)) - (/)

Note: G has a natural iNterpretation as a linear operator that encodes “application of the rules
Ri, ..., R, In all possible ways, and weighted by the parameters -4, ...,v,”, .. one may

view G as the (weighted) generator of a (countable) set of structures S,

Xo fn=20
SA . — Sgn), Sgn) e { 0 - (8)
G nL>Jo G G {{X € obj(C)~ | Xo = X} fn>0.

Here, {=@ }i>0 denotes the reachability relation on obj(C)X* with respect to the initial con-
figuration X, € obj(C)~ and the rule-set {R;}"_, used to define G

° ¢ INSTITUT
] EEEEEEEEEEE
Université de Paris
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Running example: planar rooted binary trees (PRBTS)

PARIS
@ ‘ PIDEROT ‘ @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Running example: planar rooted binary trees (PRBTS)

Notational convention: | — IL \ = '\. /) = ./R

PARIS
@ ‘ :DIDEROT ‘ @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Running example: planar rooted binary trees (PRBTS)

Notational convention: | — IL \ = '\. /) = ./R

The Remy uniform generator in the rule-algebra formalism

Q
S
_|_
E%)
QO
H

TE{ILR} ( ( %’ % Shuft( I ,CPBRT)>)
T ( ( e % Shuft( I ,chRT>>>

TE{ILR}

Sh
[

EEEEEEEEEEE
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Running example: planar rooted binary trees (PRBTS)

Notational convention: | — IL \ = '\. /) = ./R

The Remy uniform generator in the rule-algebra formalism

= 5 (s et sh (oo o))

TE{ILR}

| = ( ( e % Shﬁt( I ,chRT>>>
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Running example: planar rooted binary trees (PRBTS)

Notational convention: | — IL \ = '\. /) = ./R

The Remy uniform generator in the rule-algebra formalism

TE{ILR}

TE{ILR}

oy o(5(Y et (o] )
| . ( ( e % Shﬁt( I ,chRT>>>

Gll)=Y 2y, Vie A1:Glry="Y 3l|),....,Vt€ Z,:Glt)= Y (n+2)!|t')

te N t'e I t'e T
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Counting patterns in combinatorial structures

Definition 6. Let T € {DPO,SqPO} dencte the rewriting semantics utilized. Then pattern
count observables are defined as follows:

Op gy := pRFO (5 (P 2Q5% P cp))  Opi, 1= pFO (5 (P M p o p. cp)) 9)
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Counting patterns in combinatorial structures

Definition 6. Let T € {DPO,SqPO} dencte the rewriting semantics utilized. Then pattern
count observables are defined as follows:

Op gy := pRFO (5 (P 2Q5% P cp))  Opi, 1= pFO (5 (P M p o p. cp)) 9)

To better understand the meaning of the above definitions, it is important to note the so-called
jump-closure properties of DPO- and SgPO-types, respectively:

VR= (0 K51q)elin(@):  (|p(3(R) = (| Or(6(R)) 10)

Oppo(6(R)) :==O1ki,r  Osqpo(8(R)) := O, {|:C—=R: |X) = (|X):=1g.
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Counting patterns in combinatorial structures

Definition 6. Let T € {DPO,SqPO} dencte the rewriting semantics utilized. Then pattern
count observables are defined as follows:

Op gy := pRFO (5 (P 2Q5% P cp))  Opi, 1= pFO (5 (P M p o p. cp)) 9)

To better understand the meaning of the above definitions, it is important to note the so-called
jump-closure properties of DPO- and SgPO-types, respectively:

VR= (0 K51q)elin(@):  (|p(3(R) = (| Or(6(R)) 10)

Oppo(6(R)) :==O1ki,r  Osqpo(8(R)) := O, {|:C—=R: |X) = (|X):=1g.

N other words, (A)Lk;c, and (A)hc, permit to count the number of matches of the rewriting rule
R=(0 & K5 1,¢)in DPO- and SgPO-semantics, respectively. More explicitly, we find that

2 _ DPO - o SqPO
100 1) = IMPG o (X1 (10 X0 = IMT0, L, (01 (11
PAS:SDE“T @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Counting patterns in combinatorial structures

Example 1. [he simplest type of observables encountered in practice are the “plain” pattern-
counting observables Op = Op 4, :true = Op.true, WIth typical examples including
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Counting patterns in combinatorial structures

Example 1. [he simplest type of observables encountered in practice are the “plain” pattern-
counting observables Op = Op 4, :true = Op.true, WIth typical examples including

AN

e O, (Ccounting vertices),
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Counting patterns in combinatorial structures

Example 1. [he simplest type of observables encountered in practice are t

counting observables Op = Op 4, .true = Op.true, WIth typical examples ir

¢ O, (counting vertices),

o)

e o (COUNTING pairs of vertices), and
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Counting patterns in combinatorial structures

Example 1. [he simplest type of observables encountered in practice are the “plain” pattern-
counting observables Op = Op 4, :true = Op.true, WIth typical examples including

¢ O, (counting vertices),

e O.. (counting pairs of vertices), and

@)

* O,, (Counting undirected edges).
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Counting patterns in combinatorial structures

Example 1. [he simplest type of observables encountered in practice are the “plain” pattern-
counting observables Op = Op 4, :true = Op.true, WIth typical examples including

AN

e O, (Ccounting vertices),

S

e O, , (COuNting pairs of vertices), and

S

e O, (COunting undirected edges).

More generally, for example in DPO rewriting the variant (A)gc_).,true effectively counts vertices

that are not linked to any other vertices via incident edges, while in both DPO- and SgPO-
rewriting the linear operator

oS A

O, o0 o;7(0 0>00) — O, o:7(0 0—00)

counts pairs of vertices not linked by an edge.
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A rule-algebraic generating-functionology

Definition 6.

PARIS
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A rule-algebraic generating-functionology

Definition 6.
et | Xp) € C denote the initial state

Xo) (12)
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A rule-algebraic generating-functionology

Definition 6. Let G be a linear operator (the generator),
et | Xp) € € denote the initial state

erC | X,) (12)
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A rule-algebraic generating-functionology

AN

Definition 6. Let G be a linear operator (the generator), let 61, ..., O e a choice of (finitely
many) pattern observables, and let | Xy) € C denote the initial state

e 0 | Xy (12)
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A rule-algebraic generating-functionology

AN

Definition 6. Let G be a linear operator (the generator), let 61, ..., O e a choice of (finitely

many) pattern observables, and let | Xg) € C denote the initial state. Then the exponential
moment-generating function (EMGF) G()\; w) is defined as

G\ w) := (| e2CerC |X,) (12)

AN

Here, we employed the shorthand notation w - O 1= S:j“_l wJ-CA)J-, and A as well as wq, ..., wm are
formal variables.
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A rule-algebraic generating-functionology
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Definition 6. Lct G be a linear operator (the generator), let 61, ..., On be a choice of (finitely

many) pattern observables, and let |Xq) € C denote the initial state. Then the exponential
moment-generating function (EMGF) G(\; w) is defined as

G\ w) = (| e22er | X)) (12)

P

Here, we employed the shorthand notation w - O = ijll wjaj, and A as well as wu, ..., wm are
formal variables.
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A rule-algebraic generating-functionology
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P

Definition 6. Lct G be a linear operator (the generator), let 61, ..., On be a choice of (finitely

many) pattern observables, and let |Xq) € C denote the initial state. Then the exponential
moment-generating function (EMGF) G(\; w) is defined as

G(\w) := (| e29e G | X,) (12)

P

Here, we employed the shorthand notation w - O = ZJ11 wjaj, and A as well as wu, ..., wm are
formal variables.

e Since we assume Xq to be a finite object, clearly each of the sets S(a”) S Of finite cardinality.

e The coefficients g, = (| G" [Xo) are evidently of finite value as well, which in summary
permits the following repartition of the formal power series G(A;0):

G0 =) 20 Y gX),  &n(X) = (X|G"[Xo) (13)

Conseqguently, the configurations X & S(a”) may e seen as the combinatorial structures

contained in the n-th generation, with g, (X) the weight of a configuration X in the n-th
generation.

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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A rule-algebraic generating-functionology
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P

Definition 6. Lct G be a linear operator (the generator), let 61, ..., On be a choice of (finitely

many) pattern observables, and let |Xq) € C denote the initial state. Then the exponential
moment-generating function (EMGF) G(\; w) is defined as

G\ w) = (| e22er | X)) (12)

P

Here, we employed the shorthand notation w - O = ZJ11 wjaj, and A as well as wu, ..., wm are
formal variables.

e [For generic values of w, G(\;w) evaluates as follows:

G(Aw) =3 A (|e296"1X) =3 AT 37 g (X)e2 M N(X) = (| O; |X) .

n>0 n>0 XES(n)

Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Combinatorial evolution equations

The formal EMGF evolution equation for G(\; w) reads as follows:

ZONw) = (| (e706) 29X |X,)  (ada(B) = AB — BA) (15)
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Combinatorial evolution equations

The formal EMGF evolution equation for G(\; w) reads as follows:
9 GNw) = ( ( Mé‘) e 0AC X\ (ada(B) := AB — BA) (15)
Applying the version of the jump-closure theorem appropriate for the chosen rewriting seman-

tics (DPO or SgPQ), the above formal evolution equation may be converted into a proper evolu-
tion equation on formal power series if the following polynomial jump-closure nolds:

N(q)
_ . oq N ~ k
(PJC') Vg€ Zso:3N(n) € 2%, 7q(w, k) €R: (|ad°2(G) =Y w(w. k) (| O (16)
- k=0
PAS'SDE“T @ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020 ||||
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Combinatorial evolution equations
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The formal EMGF evolution equation for G(\; w) reads as follows:
ZONw) = (| (e706) 29X |X,)  (ada(B) = AB — BA) (15)

Applying the version of the jump-closure theorem appropriate for the chosen rewriting seman-
tics (DPO or SgPO), the above formal evolution equation may be converted into a proper evolu-
tion equation on formal power series if the following polynomial jump-closure nolds:

(PIC') Vg € Zo0:3N(n) € 220, 79(w k) €R: {|ad?(G) = > mlw k) (|O° (16

f a given set of observables satisfies (PJC"), the formal evolution equation (12) for the EMGF
G(A;w) may be refined into

HINw) = 6w dw)G(Xw), Glw dw) = ((|e2())| 17)

O— 0w

| 1
@ Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Running example: planar rooted binary trees (PRBTS)

Notational convention: | — IL \ = '\. /) = ./R

The Remy uniform generator in the rule-algebra formalism

TE{ILR}

TE{ILR}

oy o(5(Y et (o] )
| . ( ( e % Shﬁt( I ,chRT>>>

Gll)=Y 2y, Vie A1:Glry="Y 3l|),....,Vt€ Z,:Glt)= Y (n+2)!|t')

te N t'e I t'e T
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Running example: planar rooted binary trees (PRBTS)

= Z o (5 GT PIT c%Imtrue))

Te{l,L,R}

*x

OAE .=

PARIS
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Running example: planar rooted binary trees (PRBTS)

= Z o (5 (IT PIT c%Imtrue))

Te{l,L,R}

OAE .=

*x
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Running example: planar rooted binary trees (PRBTS)

Op =1 := Z o (5 (IT PIT c%Imtrue))

Te{l,L,R}

<|é:2<|OAE

D i W T F seneensncee
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Running example: planar rooted binary trees (PRBTS)

Op =1 := Z o (5 (IT PIT c%Imtrue))

Te{l,L,R}
[OEaé]: ‘—|—\—|—/, B :2(\;
<|G: 2<|0AE
0 Lo\ N2 0 ,
ﬁg(l,g) = 2e ?_eg(),,g) N %(A,g) _ 1 _ }L_"l ((2’1,)!68(2”_'_1))
G (0;€) = (] o€UE ) = et Ve 2E—4} = n! \ n!
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Running example: planar rooted binary trees (PRBTS)

Opi 3:\/5 Z \/a 0P23\</ Z \</a Ops3 = = Z
T Te{l,LR} | * Te{lLR} | Te{l,LR}
| | % T
| |

@ i W 111
‘DIDEROT Nicolas Behr, SOCS 2020, IRIF, December 11, 2020
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Running example: planar rooted binary trees (PRBTS)

Opi 3:\/5 Z \/a 0P23\</ Z \</, Ops3 = = Z
T Te{l,LR} | * Te{lLR} | Te{l,LR}
| | % T
|
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Running example: planar rooted binary trees (PRBTS)

Opi 3:\/5 Z \/a 0P23\</ Z \</a Ops3 := = Z
T Te{l,LR} | * Te{lLR} | Te{l,LR}
| | % T
N |

AGW w°Q3: SOAE+YOAP1+U0P2‘|‘V0P3

= (|eCe

= e** (| (G + (e* —1)[Op2,G] o
o o )~ 00 128 [OOG]L f +et(e” —1)[Ops, G] + (€¥ — 1) (et —e V) Rpy )2 %)
(110r2. 6] = <|<3o zo> (110r3.6] = <|<4o 3o> <uép3/=<!0p3 :ezg+y<| (ZOAE—I—3(€“— I)OAPI—I—(4BH+V 6eM ‘|‘2)OAP2
+(3et + eV —3et TV —1)Ops )e——eAG| )
= (| (25 +3(e — 1) 5+ (4eu+v 6et +2) 7
+(3et +e7V — 3e“+" — 1) ~) e —eAG\ \}
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P53, count
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Summary

An alternative approach to enumerative combinatorics based upon rewriting theory:

generate structure S via applying
combinatorial structure S rewriting rules to some initial
configuration “in all possible ways”

count patterns via applying special
types of rewriting rules

formulate generating functions via
linear operators associated to
rewriting rules

generating function of S

choice of patterns P

multi-variate generating function

Key tool: the rule-algebra formalism!
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Outlook

G

totalTime = numpy.round(sum([x[@] for x in execTimes]), 8)

titleStr = 'Forbidden relation search (Python-3.8.2, Z3-4.8.8) ' \
+ 'for nLegs = %s (total time: %ss)' % (nLegs, totalTime)

fN = 'images/fr-nLegs=%s-Z3-timings' % nlLegs

statStr = str(solverStats) [1:-1]

experiments.genFrExecTimePlot(execTimes, statStr, titleStr, fN)

v F &
&y & &

- towards automated computations via ReSMT cr—
S . B

%)
B Gallery of examples e
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