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Part I: Osborn’s local
renormalization group
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Motivation for Osborn’s local renormalization group

local operator insertions via functional
derivatives of generating functional with
local couplings

/

/'dﬁ/ _locality

| anomaly constrained by _— covariance

(Motivation
h Wess-Zumino
consistency

conditions

\_local RG technique /

\ intrinsically scheme-independent approach to
analyze QFTs

\ /
\ .
\ / allows to obtain all order results
-
-

specialization to explicit conformal perturbatin
| \_theory possible
|

| Ansatz compatible with renormalization of
\ holographically dual theories
\

\ holographic RG
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General concept

o Philosophy: define QFTs through correlation functions
obtianed via functional differentiation of some generating
functional defined in terms of local sources

¢ as compared to the ordinary Wilsonian approach, e.g. for a
classically Weyl-invariant theory (invariant under
guw — e 2?™Wg,), for which classically

Tﬁz@zO

one must carefully implement a regularization and
renormalization scheme to obtain the QFT expressions, e,g,

© = '®; + local terms

(reason for local terms: §-functions only capture the effect of
constant rescalings of the metric)

¢ Problem: intrinsically perturbative method, in general only
one-loop order reasonably tractable
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Osborn 1991: the local RG equation

¢ keyidea: instead of implementing counter-terms explicitly,
introduce local couplings \’(x) and assume the existence of
some generating functional W of connected correlation
functions, from which arbitrary insertions of renormalized
local operators ©(x) and ®;(x) may be obtained via functional
differentiation w.r.t. the local sources (Schwinger’s action

principle):
(9) = gg W+ (O] = ) 55 W
with W = W[\ (x), u(x)] defined via

" = [ Dige- 1

¢ here, the QFT action Sy contains all dimension < d
counterterms necessary to ensure that correlators are properly
defined distributions and that W remains a finite funtional to
all orders in perturbation theory
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Osborn 1991: the local RG equation

¢ Schwinger’s action principle:

o o

([®i(x)]) = WW’ ([B()]) = u(x)

with eV = [ D[¢le %
¢ the counterterms necessary to define insertions of local

operators are absorbed implicitly in the definition of ¢; = [®]
etc. ...

e ...but there must be additional local counterterms included in
the definition of the QFT to account for the curved space and
for the local couplings \!, aka contact terms

e Osborn’s method leads to all-order generalizations of the
statements about the one-loop quantum anaomalies
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The local Callan-Symanzik equation

Effect of a local scale transformation g, — e~*™®g,, in a 2d QFT:

1 1 1 N 1 .
AV AP YW = —Z/dvo (ZB@R— Zx,jaﬂxaw>+g/du Do wid"\!

e with:

. Ag’ =2 dvqg“;ﬁ (v :=d’x\/8)

P 1

o AU = f dUO'/B W(x)

¢ R=(’Ro(x) = —20mu0" In p(x) (2d curvature density)
e amounts to integrated quantum anomaly
¢ all-order generalization of the one-loop 2d trace anomaly (i.e.

of the term 1 3? R for constant rescalings o = const)

¢ possible terms in the anomaly constrained by

e locality

¢ 2d covariance

!
¢ Wess-Zumino conditions: [AY — A2 AY, — A% W =0
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Most successful results for 2d QFTs: RG flow

equations
¢ general setup: 2d Euclidean CFT Sy, perturbed by scalars ¢;:

68 = / d*x Ngi(x)

Outlook
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Most successful results for 2d QFTs: RG flow

equations
¢ general setup: 2d Euclidean CFT Sy, perturbed by scalars ¢;:

68 = / d*x Ngi(x)
¢ RG flow equations:

e Osborn 1991: alternative proof of c-theorem (Zamolodchikov
1986): o
9C _ _jgig gl
© o B 8B
1 - RG scale, ¢ - c-function, 3° — components of 3-function vector
field, g;; — Zamolodchikov—metric

Outlook
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Most successful results for 2d QFTs: RG flow

equations
¢ general setup: 2d Euclidean CFT Sy, perturbed by scalars ¢;:

68 = / d*x Ngi(x)

¢ RG flow equations:
e Osborn 1991: alternative proof of c-theorem (Zamolodchikov
1986): 5
¢ _ _gig.g
H o —B &
1 - RG scale, ¢ - c-function, 3° — components of 3-function vector
field, g;; — Zamolodchikov—metric

¢ gradient formula (Friedan & Konechny 2009)
ac . .
o = (& + Agy)8 — b

with: Ag;; — metric correction, b; — Osborn anti-symmetric tensor
(Osborn 1991)

Outlook
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Most successful results for 2d QFTs: RG flow

equations
¢ general setup: 2d Euclidean CFT Sy, perturbed by scalars ¢;:

68 = / d*x Ngi(x)
¢ RG flow equations:

e Osborn 1991: alternative proof of c-theorem (Zamolodchikov
1986): 5
9C _ _jgig gl
© o B 8B
1 - RG scale, ¢ - c-function, 3° — components of 3-function vector
field, g;; — Zamolodchikov—metric

¢ gradient formula (Friedan & Konechny 2009)

ac . .

o = (8 +AgyH — byt
with: Ag;; — metric correction, b; — Osborn anti-symmetric tensor
(Osborn 1991)

¢ redundancy analysis (Behr & Konechny 2013) = even richer
geometry of RG flows (cf. second part of the talk)

Outlook
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Collection of other important results

d=2:
¢ scale invariance implies conformal invariance (Osborn 1991)
¢ renormalization of non-linear o models (Osborn 1991)

¢ g-theorem for boundary theories (Affleck & Ludwig 1991, Friedan
& Konechny 2004)

ed=3
¢ form of the local RG anomaly, constraints on possible form of the
SB-functions (Nakayama 2013)
o d=4:
¢ analogue of the c-theorem aka a-theorem (Jack & Osborn 1990,
Cardy 1990, Komargodski & Schwimmer 2011)
e d=6
¢ general form of the local Weyl anomaly ( Grinstein & Stergiou &
Stone 2013)
various dimensions: holographic RG (Akhmedov 1998,
Henningson & Skenderis 1998, Alvarez & Gomez 1999,...)



Osborn’s local renormalization group ~ Redundancyin2d QFTs  General analysis ~ Conformal perturbation theory Explicit examples  Outlook

Part II: Redundancy in 2d
QFTs
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“Warm up”: Simple scalar QFT illustration

¢ “redundant coupling” < change in action under variation of
this coupling vanishes due to equations of motion (Weinberg
1995)

¢ local operator that couples to such a coupling = total derivative
plus terms  e.o.m.’s (which are pure contact terms)

¢ elementary example: (¢ — scalar; m, Z — couplings)
S= /dzx %Z (0,00" ¢ + m*¢*)
e Z couples to local operator ¢z(x):
62(x) = 3 (000" 0(x) + mP¢2(x))
= 30 (6046) () + 5 26 — 0,0"6] (x)
sS

1 1
= 504 (600) (1) + 327105
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General analysis
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Action principle and variational calculus

¢ (renormalized) 2d Euclidean QFT with conserved T}, (x), such
that a change of scale is computed via integrating an insertion
of © = g T,,:

N%<Ol(xl)~~on(xn)>c:/dzy (OY)01(x1) ... On(xn))c

10/25
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Action principle and variational calculus

¢ (renormalized) 2d Euclidean QFT with conserved T}, (x), such
that a change of scale is computed via integrating an insertion
of © = g T,,:

N%<Ol(xl)~~on(xn)>c:/dzy (OY)01(x1) ... On(xn))c

e action principle (Schwinger 1951): changing A\’ amounts to

O Oulx)e = [y (51O () - Opl)e

10/25
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Action principle and variational calculus

¢ (renormalized) 2d Euclidean QFT with conserved T}, (x), such
that a change of scale is computed via integrating an insertion
of © = g T,,:

N%<Ol(xl)~~on(xn)>c:/dzy (OY)01(x1) ... On(xn))c

e action principle (Schwinger 1951): changing A\’ amounts to

O Oulx)e = [y (51O () - Opl)e

¢ technical trick: variational calculus of sources

Z(p, A1) = Z[u(x), N{(X)], 8uw — guw(X) = p?(x)6,,,, such that

u( ﬁ;gz) (O())e » M{i(---)cZ/dzxu(x)(m(zx)«...))lnz
M2 e, tde= [dx gtz

10/25
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Local renormalization anomaly

o effect of a local scale transformation: ©(x) = 3%¢;(x) as
operator equation, i.e. up to contact terms
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Local renormalization anomaly
o effect of a local scale transformation: ©(x) = 3%¢;(x) as
operator equation, i.e. up to contact terms

¢ possible contact terms: encoded (“stored”) in expansion
constructed via locality and 2d covariance:

o)~ A'oi(x) = "N gy cx) +

. 1 S
+om m(A)aﬂx(x)} + 0NN Gy()

with:
e Ry (u(x)*Rzy = —0,0" In u(x)) - 2d curvature density
[ ]

e C, W; and G; - \'(x)-dependent coefficients
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Local renormalization anomaly

o effect of a local scale transformation: ©(x) = 3%¢;(x) as
operator equation, i.e. up to contact terms

¢ possible contact terms: encoded (“stored”) in expansion
constructed via locality and 2d covariance:

1 (x)
2

. 1 , ,
+ o m(A)aﬂx(x)} + 0NN Gy()

O(x) — Bloi(x) = R C(\) +

with:

e Ry (u(x)*Rzy = —0,0" In u(x)) - 2d curvature density

[ ]

e C, W; and G; - \'(x)-dependent coefficients

e restricted by

e locality < C, W; and G;; depend on x only through \'(x)

¢ type of QFT setup:
e “strict” power counting: C, W; and G;; are functions of A couplings
¢ “loose” power counting: coefficients can have operator content
e general case: anomaly can have higher derivative terms etc.

11/25
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Callan-Symanzik equations

(Haaﬂ — L’g) (¢ (x1) ... ON) - )e = = (O E (1) bip (%2) ... O (1) - - e
— (65 (X)L (%) .. .O) - e+ -

with: £, - Lie-derivative along B=pi e

= correlators do not transform covariantly under scale
transformations due to total derivative terms!
e in analogy to Lagrangian description, 9,,J!" are called
redundant operators
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Callan-Symanzik equations

(Maap, — LB) <¢il (xl) e @(yl) .. ->C = —<8M]lf:(x1)¢,~2 (XZ) ... @(yl) .. ->C
— (i ()0 (x2) ... O(n) - e+ -

with: £ 5= Lie-derivative along B=pi aé;i

= correlators do not transform covariantly under scale
transformations due to total derivative terms!
e in analogy to Lagrangian description, 9,,J!" are called
redundant operators

Question: 3 possibility to quotient out redundant operators?
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Callan-Symanzik equations

(Maap, — £B) <¢il (xl) e @(yl) .. ->C = —<8M]lf:(x1)¢,~2 (XZ) ... @(yl) .. ->C
— (i ()0 (x2) ... O(n) - e+ -

with: £ 5= Lie-derivative along B=pi aé;i

= correlators do not transform covariantly under scale
transformations due to total derivative terms!
e in analogy to Lagrangian description, 9,,J!" are called
redundant operators

Question: 3 possibility to quotient out redundant operators?
e Ansatz:

¢ introduce basis of currents J
¢ for a complete basis of scalars {¢;}, we must have

it (x) = 1a' () i(x)

as an operator equation, i.e. up to contact terms...

Outlook
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Redundancy anomaly

e Ansatz: introduce sources A (x) (of dimension 1), “store”
contact terms in expansion:

3, JE(x) — ri(N)pi(x) = —Rq(x)
with (A% = 12g* \%(x))
Ra(x) = kapi®Ro(x) + %Agwm + Tpa AT (x)

- . [
+ raibau)\l];f(x) + KaipO  NNPH (x) + %3#)\’8“)\1(36)
+ 0 [kai®* N (X) + kap A" (x)]

Outlook
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Redundancy anomaly

e Ansatz: introduce sources A (x) (of dimension 1), “store”
contact terms in expansion:

3, JE(x) — ri(N)pi(x) = —Rq(x)

with (A% = 12g* \%(x))
k
Ra(x) = Ko Ry (1) + =5 XA (x) + Taa A2 ()

- . [
+ raibap)\l];;(x) + KaipO  NNPH (x) + %aﬂ)\lau)g(x)
+ 0 [kai®* N (X) + kap A" (x)]

e calculus: after taking all variational derivatives, set
p(x) = p = const, \'(x) — X' = const, \j;(x) — 0

¢ in “strict” power counting scenario, all coefficients are
functions of couplings \(x)

Outlook
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Example: “differentiation along redundant
directions”

For 8“][;’(x) = 1,/(\)¢i(x) and finite separation |y — z| > 0,
g Ub 00i(2))e = U ) Dy (D) + a2
with: F{li = —0irg — ryrd
differentiation of (.. .). along redundant directions r,'0; results
in field redefinitions prescribed by the connection coefficients

J
IN,andI'{ !
« in this sense, the operators 9, J/ (x) are redundant

Outlook



Osborn’s local renormalization group ~ Redundancy in 2d QFTs ~ General analysis ~ Conformal perturbation theory Explicit examples

Example: “differentiation along redundant
directions”

For 8“](’;’(x) = 1,/(\)¢i(x) and finite separation |y — z| > 0,
g Ub 00i(2))e = U ) Dy (D) + a2
with: F{li = —0irg — ryrd

differentiation of (.. .). along redundant directions r,'0; results
in field redefinitions prescribed by the connection coefficients

J
IN,andI'{ !
« in this sense, the operators 9, J/ (x) are redundant

¢ Question: Can we quotient out the “redundant directions” in
coupling space such that physical quantities (e.g. c-function,
SB-functions,...) only dependent on the “transverse” directions?

Outlook
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Modified local renormalization anomaly

2 .
D(x) = 5 Ro(®)C + 9N v (WK (%) + Afva” NI (3)
+ D [Wid" A (x) + wa A (x)]

1 i i " j 1 L
+5 GO NON (x) + 8aiA™ O, N (x) + gabi)\‘“ AD(x)

with:
o coefficients v;*(\) defined via J!(x) = v;*(\)J§ (x)
e ~,” —matrix of anomalous dimensions
e all coefficients depend on couplings \’ in “strict” power counting
scenario
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Wess—Zumino consistency conditions

105 — P W s - DR £ s~ F 5

Sulx 5a0y) vy W]
5 s 5 S ‘
10 £ = B g5 = DO s — W) g7 + R
5 s 5 |
[8“ e VxR0 5xpy W Ny TR

= large number of equations on anomaly coefficients, which
encode geometry of coupling space!

Explicit ex;

amples

IE

Outlook

II—= 1=
o o

[l-=
=
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Wess—Zumino consistency conditions

105~ V) gy = D)5 — F) 555 = D)
[mx) s~ W gy ~ DOy — ) s + Roll)

|:8145)\;(x) - rai()‘) 5)\16(x) + Rt/l(x)7al/L - rbj(/\) 6 + Rb(y):

SAL(y) dN(y)

= large number of equations on anomaly coefficients, which
encode geometry of coupling space!
¢ two simple examples:

’Yab = _raivib + raibﬁi
[B,ﬁa] = —B'rai"Rp

e Ru= ra 8)\, redundancyvector fields

Outlook

II—= -
o o

[l
=
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Conformal perturbation
theory
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Conformal perturbation theory setup

e S —2d Euclidean CFT (unitary, discrete spectrum of conformal
dimensions) with G x G chiral symmetry algebra

5]61:6]21:0

and basis of (dimension 2) scalars {®;}
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Conformal perturbation theory setup

e S —2d Euclidean CFT (unitary, discrete spectrum of conformal
dimensions) with G x G chiral symmetry algebra

5]61:6]21:0

and basis of (dimension 2) scalars {®;}
e operator product expansions: (r.p. — regular part)

Rab lfab Je (y)

Ja(%)ju(y) = o ey TP
B a4 J
Ja(x)®1(y) = %51]13/()};) lA(‘Z (b;()y) +r.p.
oy(x)D)(y) = —0 iAy“Ja(y) iAyT,

Ty ey E -y -y )
+CIJK‘PK(J’)

x— yP2 + other terms + r.p.
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Conformal perturbation theory setup

e S —2d Euclidean CFT (unitary, discrete spectrum of conformal
dimensions) with G x G chiral symmetry algebra

5]61:6]21:0

and basis of (dimension 2) scalars {®;}
e operator product expansions: (r.p. — regular part)

Rab lfab Je (y)

Ja(%)ju(y) = o ey TP
B a4 J
Ja(x)®1(y) = %51]13/()};) lA(‘Z (b;()y) +r.p.
oy(x)D)(y) = —0 iAy“Ja(y) iAyT,

Ty ey E -y -y )
+CIJK‘PK(J’)

x— yP2 + other terms + r.p.

e perturbation: §S = [ d?x \¢;(x), with
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p-functions and charges

¢ renormalization scheme choice: point-splitting scheme

Outlook
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p-functions and charges

¢ renormalization scheme choice: point-splitting scheme
¢ 3-function coefficients:

BHA) = mCRNAF + BR NARX + O(A%)

e O(\)-term is scheme independent (and Cj < 0for ®; € {¢;})
. }M is totally symmetric in all indices in this scheme
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p-functions and charges

¢ renormalization scheme choice: point-splitting scheme
¢ 3-function coefficients:

BHA) = mCRNAF + BR NARX + O(A%)

. (’)()\3) term is scheme independent (and Cj I L 0for®; € {6:}
* Bjk is totally symmetric in all indices in this scheme
¢ charges:

o(e) = Zim 7{ dzu(2)e . Qule) = f—j{dz]a

= perturbing operators ¢; are charged:

Qu(¢i(x)) = iAs’ ®;(x), Qal¢i(x)) = —iAa/ ®;(x)

Outlook
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p-functions and charges

renormalization scheme choice: point-splitting scheme
B-function coefficients:

BHA) = mCRNAF + BR NARX + O(A%)

e O(\)-term is scheme independent (and Cj < 0for ®; € {¢;})
. }M is totally symmetric in all indices in this scheme
¢ charges:

o(e) = Zim 7{ dzu(2)e . Qule) = f—j{dz]a

= perturbing operators ¢; are charged:

Qu(¢i(x)) = iAs’ ®;(x), Qal¢i(x)) = —iAa/ ®;(x)

Ward identities:

Qu((di(x1)---)e) = 0= Qa((d(x1) - --)c)
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Computation of redundancy data
¢ Ansatz: expand the equation
((0Ja + 0Ja)(x)@1(¥)e = (rd (\) + Fa! (M) (@5 (x)@1(¥))c

in orders of X’s (with: r,//(A\) = 3,0 g A" ... A1y 1))
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Computation of redundancy data
¢ Ansatz: expand the equation

((Oa+ 0I2)(x)@1(¥))e = (ra (N) + T (N)(@1(x)@1(y))
in orders of X’s (with: r,//(A\) = 3,0 g A" ... A1y 1))
¢ Results:
ra' () = itN Ag' — in? BLAZINN + O(N3),
ra'(\) = in\'Ag’ — in? B A NN + O(N?).
where the OPE coefficients were defined via

b7 (7 . J
T0yily) = oIy P
_ R_b AT
Ta(Ry(y) = 22T BB ),

Outlook



Osborn’s local renormalization group ~ Redundancyin 2d QFTs  General analysis

Computation of redundancy data
¢ Ansatz: expand the equation

((0Ja + 0Ja) (x)@1(¥))e = (rd (N) + Ta! (\))(@7(x)®1(¥))e
in orders of X’s (with: r,//(A\) = 3,0 g A" ... A1y 1))
¢ Results:
ra'(\) = it Ay’ — it BEL AT NN + O(\3)
ra'(\) = in\'Ag’ — in? B A NN + O(N?).
where the OPE coefficients were defined via
Bu"Ty(3) | iAd’®5(y)
(x—y)? (x—y)
Ba"In(y) | iAa’ ®;(y)
(x—y)? (x—y)

Ja(x)®@1(y) = +r.p.

Ja(X)@1(y) = +r.p.

¢ Question: 37 possibility to find basis of currents
{Ky = 60N Ja + £a®(\)Ja} s.th. action of Q,, “closes” on {¢;}?

Conformal perturbation theory  Fxplicit examples

Outlook
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The “embedding type” Ansatz

e observation: charges Q, and Q; form a representation of the
chiral algebra G x G on the space of scalars {®;} =

Qu(®1(x)) = iAa ®;(%) = (wa) By (x) ,  [wa,wpl = ifap°(we)

and analogously for Q;
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The “embedding type” Ansatz

e observation: charges Q, and Q; form a representation of the
chiral algebra G x G on the space of scalars {®;} =

Qu(®1(x)) = iAa ®;(%) = (wa) By (x) ,  [wa,wpl = ifap°(we)

and analogously for Q;
e Ansatz: define K, = r,%J,; + ko*J; with charges

Qu(®1(x)) = (ka®(wa)! + Ka®(Wa)') ®1(xX) = (pa), ®s(x)

via the requirements (p, )/ = 0 and (pa) =

< matrices (p,) should form a reducible representation of a
subalgebra # C G x G of the chiral algebra:

p:H — GL(VIY® GL(V*) : Ky = (pa) = (ma)ij (po)j)
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The “embedding type” Ansatz — results

e with K, = koJs + kaa and Q. (®;) = (p. ) ®; as before, we
obtain for the divergence 9, K! = r,'(\)¢;:

rai(/\) = 7"'(pa)ri/\r + Wnarﬁ(pﬁ)si)\r/\s + O()‘S)

where 1,,° = w(na“mi’Bar;, + Kaafw Barp)0?”
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The “embedding type” Ansatz — results

e with K, = koJs + kaa and Q. (®;) = (p. ) ®; as before, we
obtain for the divergence 9, K! = r,'(\)¢;:

rai(/\) = 7"'(pa)ri/\r + Wnarﬁ(pﬁ)si)\r/\s + O()‘S)

where 1,,° = ﬂ'(ma“fwi’BarE + /@aa/-w Ba,)67P
e the vector field R, = ra'(X) 2 fulfills the equation

A A _ Al BD 4 i
[BaRa] = —B"Nai RB+O(/\> (ﬁ B 3)3)
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The “embedding type” Ansatz — results

e with K, = koJs + kaa and Q. (®;) = (p. ) ®; as before, we
obtain for the divergence 9, K! = r,'(\)¢;:

rai(A) = W(Pu)ri/\r + Wnarﬁ(pﬂ)si)‘rAs + O()‘S)
where 1,,° = ﬂ(ma“mvi’BarE + Koy " Bapp) 078
e the vector field R, = ra'(X) 2 fulfills the equation

A A _ Al BD 4 i
[BaRa] = —B"Nai RB+O(/\> (B B 3)\’>

e the “ embedding” Ansatz fulfills all necessary requirements to
obtain redundanty vector fields R,, but in all generality we
could allow the more generic Ansatz

I(a = ’{oza ]u + K/aa jZl

Outlook
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Explicit examples
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“All or nothing” examples

e no perturbation=CFT: conservation equations 9J, = 0 and
0Ja = 0 hold only up to contact terms, which may be derived
via the renormalization and redundancy equations

e results: all non-zero coefficients expressible via OPE coefficients

b b b B b b b
Tai = TBg fai = mBai Tai = Tai =0
(91‘1‘(1] = iﬂAalJ &-raf = —iﬁAm]

c . c c . c
L = infay Loy = infap

™
NS

Outlook
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“All or nothing” examples

e no perturbation=CFT: conservation equations 9J, = 0 and
0Jz = 0 hold only up to contact terms, which may be derived
via the renormalization and redundancy equations

e results: all non-zero coefficients expressible via OPE coefficients

b b b » b b b
Tai = TBg fai = mBai Tai = Tai =0
8l~ra’ = i7rAmJ 8,-ra] = —iﬁAm]
c . c c . c
Lwp’ = infu Tap = infap

e perturbation by all scalars ®;: §S = [ d®x M ®;(x)

e possible choice of basis for currents K,: Ko = 60“Ju + 60J2, i.€.
the matrices p, simply form a representation of the full chiral
algebra G x G on the space of operators ®'!

e the redundancy coefficients r." (Ro = ra"52;) are given in terms
of the connection coefficients of G x G:

1 (\) = =T’ N+ OV T’ = —0rra’ — 1’1’

(and analogously for rz!()))

Outlook
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The conformal SO(3) model

e SU(2)x WZW model, perturbed by current-current operators

S = /dzx Ni(x), ¢i = %]Js i€{1,2,3}
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The conformal SO(3) model

e SU(2)x WZW model, perturbed by current-current operators
. 1 -
6S = /dzx Noi(x),  di=Js 1€{1,2,3}

¢ result of redundancy analysis:
¢ perturbed theory has two conserved currents
Jo=XNh+XE+XN,  Jr=J;. (1)

¢ redundancy vector fields are the rotation vector fields in the 3d
space of couplings

RV = ire N0 + O(NY). @)

= redundancy group is SO(3)

Outlook



Osborn’s local renormalization group ~ Redundancyin 2d QFTs ~ General analysis ~ Conformal perturbation theory  Explicit examples

The conformal SO(3) model

e SU(2)x WZW model, perturbed by current-current operators
. 1 -
6S = /dzx Noi(x),  di=Js 1€{1,2,3}

¢ result of redundancy analysis:
¢ perturbed theory has two conserved currents

Jo=XNh+XE+XN,  Jr=J;. (1)
¢ redundancy vector fields are the rotation vector fields in the 3d
space of couplings
RV = ire N0 + O(NY). @)
= redundancy group is SO(3)
o k=1:SU(2); WZW model = free boson at self-dual radius

1 -
e \'=)2=0,) = 2 = [,J; = boson radius changing operator
o T-duality: R+ L = )\ — —X°

R+%

Outlook
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The conformal SO(3) model

A

Orbits of the action of the redundancy vector fields Ra.
T-duality: A3 — — )3 via continuous rotation!

23/25
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The “sausage” model
Fateev, Onofri & Zamolodchikov 1992: S, — SU(2); WZW model,
perturbed by current-current operators

b3y = % (: hJs: +: BJi:)
P(22) =: JoJ:
b3 = 75 (e~ Bl3t)

¢ result of redundancy analysis: we find the Abelian redundancy

vector field
A T 0 0
=217 A\ a3y _ Y 3
R = 27i </\ 0 6/\(?3/)) +O(N)
which implements rotations in the A13-\(13) plane in coupling
space
¢ the - function coefficients may be expressed in the basis
r= \/ (1))2 4 (A(3))2, , = arctan(A(3) /A1) and z = A(22),
with

B =04+ O\

Outlook



The “sausage” model

Figure: Orbits under the action of the redundancy vector field R %.
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Summary/Overview of 1310.4185

e phenomenon of redundancy generically present in perturbed
2d QFTs in vicinity of fixed points
¢ results in three levels of generality:
e generic:
local renormalization and redundancy anomaly equations +
Wess-Zumino consistency conditions
= relations on RG coefficients
¢ conformal perturbation theory:
explicit formulae for RG-data in terms of OPE coefficients up to
NLO (beta functions, redundancy vector fields, c-function,...)
¢ explicit examples:
current-current perturbations of SU(2); WZW models

25/25
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Summary/Overview of 1310.4185

e phenomenon of redundancy generically present in perturbed
2d QFTs in vicinity of fixed points
¢ results in three levels of generality:
e generic:
local renormalization and redundancy anomaly equations +
Wess-Zumino consistency conditions
= relations on RG coefficients
¢ conformal perturbation theory:
explicit formulae for RG-data in terms of OPE coefficients up to
NLO (beta functions, redundancy vector fields, c-function,...)
¢ explicit examples:
current-current perturbations of SU(2); WZW models

Outlook

study full set of relations

geometry of coupling space — foliations, quotients,

polar representations, ...

higher-dimensional/boundary theory (in particular in 4d)
holographic RG analysis?

Outlook
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Summary/Overview of 1310.4185

e phenomenon of redundancy generically present in perturbed
2d QFTs in vicinity of fixed points
¢ results in three levels of generality:
e generic:
local renormalization and redundancy anomaly equations +
Wess-Zumino consistency conditions
= relations on RG coefficients
¢ conformal perturbation theory:
explicit formulae for RG-data in terms of OPE coefficients up to
NLO (beta functions, redundancy vector fields, c-function,...)
¢ explicit examples:
current-current perturbations of SU(2); WZW models

Outlook

study full set of relations

geometry of coupling space — foliations, quotients,

polar representations, ...

higher-dimensional/boundary theory (in particular in 4d)
holographic RG analysis?

Thank you!

Outlook
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