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Delbriick’s insight: probability generating function evolution equation for chemical reaction systems
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Delbriick [1]

The master equation for a chemical reaction system
with reactions

i-X—%0-X
reads (with 2[x2] = x2+1)
* pure state: characterized by numbers 5 2\i
of each type of particle GP(x) = rio ()2~ (2)Y) (ﬂ) P(tx) (2)
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[1] Max Delbriick. “Statistical fluctuations in autocatalytic reactions”. In: The Journal of Chemical Physics 8.1 (1940), pp. 120124



Why Sobolev-Jacobi polynomials?

« Jacobi differential operator: for o, f € R,
DY) = (1=2)02 + (B~ &) — (@ + B+2)x)0 @)

« For o, > —1: polynomial eigenfunctions are the Jacobi polynomials,

DD PP (1) = —n(n+ o+ B+ )PP (x)

R S GO YCO R

which are orthogonal w.r.t. the inner product ®(%B) defined via

+1

Vg Rl s @O (pg)i [ e+ p()go), ®)

such that more explicitly (with <p,$°"[") € R some non-zero constants)

VmneZsg: @B (PSP PPy — 5, olP)  nezog: PP (x) e L2 0 ([-1,1]) (6)



Why Sobolev-Jacobi polynomials?

- Jacobi differential operator: for o, f € R,

DR — (1= )2+ (B— ) — (a+ B +2)x)

Jac

« For o, > —1: polynomial eigenfunctions are the Jacobi polynomials,

DYEP PYP) () = —n(n+ o+ B + )PP ()

Jac

which are orthogonal w.r.t. the inner product ®(@B) defined via
+1
g eRl: SO (g = | dr(1-0%(1+0 (g,
—1

such that more explicitly (with <p,$°‘*’” € R some non-zero constants)
Vmyne Zsg: @R (PP plOP)y — 5, 0P ez PP (x) € L2 0y ([~ 1,1])

. e.g. for chemical reaction 24 — @, the evolution operator is Dﬁac Do (1-2)?



Solution: Sobolev-Jacobi polynomials

- Kwon & Littlejohn (1990°s) [2]: resolve the problem for & < —1 and/or § < —1 via replacing ®(®F) with

the Sobolev inner products ¢£_1’_1) and <I>(C_l‘ﬂ) (for B > —1) defined as follows:

. (=1,—-1) o i 1N
¥R @ (0.0)i= Ap()a(1) + Bo(=Da(—1)+ | dep' )/ )
- (8)

+1
QD(C_"ﬁ)(p,(J) = Cp(1)g(1) +f_1 dx (x+ P (x)g'(x)  (B>-1)

here, p’(x) and ¢’(x) denote the first derivatives of the polynomials, and A, B, C € R are parameters.
For the resulting inner products to be positive definite, the parameters A, B, C € R must satisfy the following
conditions: for q)g_Bl’_l), A, and B must verify

A+B>0, A(y+1)?+B(y—12+2#0, A(y+1)+B(y—1)=0, y:=(B—A)/(A+B) (9)
while for CID(C_I”ﬁ) the parameter C must verify

C>0 (10)

[2] Kil H. Kwon and L.L. Littlejohn. “Sobolev orthogonal polynomials and second-order differential equations”. In: The Rocky Mountain journal of mathematics (1998), pp. 547-594



Solution: Sobolev-Jacobi polynomials

» The Sobolev-Jacobi orthogonal polynomials P,(la’ﬁ)(x) are defined fora = —1, f = —1 as

Pfl’fl)(x)::x-ﬂf (y:=(B—A)/(A+B))

Pr(l;;,—l)(x) _ (2n; 2)_1 ”i:' (n; l) (::llc) (e— 1" * (e 1 1)

k=1
where ¥y = (B—A)/(A + B), while for the parameters oo = —1, 8 > —1 one defines

P (i
PP () =1 o
PP (1 1)_1;2_10 (O bt

Propositions 4.2 and 4.3 of [2]

The polynomials P,Sa’ﬁ) (x) form a complete orthogonal system of polynomial eigenfunctions of the
Jacobi differential operator at parameters in the aforementioned parameter ranges.
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| An interesting technique by Gurappa and Panigrahi

Recasting the Sobolev-Jacobi polynomials in a novel operational form.

Il Reformulating multi-variate umbral calculus via integral operators

From generalized polynomials to a calculus for special functions and formal power series.

1l Operational method results on Sobolev-Jacobi polynomials

Discoveries and results on algebraic structure, connection coefficients and all-order higher-order lacunary
exponential generating functions of the SJ polynomials.

Paper: Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson.
“Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



An innovative technique developed by
Gurappa and Panigrahi




An innovative technique to determine polynomial eigenfunctions

The technique of Gu

For a differential operator D in the variable X, suppose there exist polynomial eigenfunctions g, (x) €
Cl[x] for each n = 0 such that D g, (x) = A, ¢n(x) (A, € C). To calculate the g, (x)’s,
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An innovative technique to determine polynomial eigenfunctions

The technique of Gurappa and Panigrahi [3]

For a differential operator D in the variable X, suppose there exist polynomial eigenfunctions g, (x) €
Cl[x] for each n = 0 such that D g, (x) = A, ¢n(x) (A, € C). To calculate the g, (x)’s,
(i) decompose the operator D — A, as follows (with £[x"] := x"+1 and D, := %0y):

D—An= Fu(Dx) + N0 ,  Fa(D)= D fukDk, N8 = D) gnie; (10)

part” “ diag | part” k20 k,f?()
k#L
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An innovative technique to determine polynomial eigenfunctions

The technique of Gurappa and Panigrahi [3]

For a differential operator D in the variable X, suppose there exist polynomial eigenfunctions g, (x) €
Cl[x] for each n = 0 such that D g, (x) = A, ¢n(x) (A, € C). To calculate the g, (x)’s,
(i) decompose the operator D — A, as follows (with £[x"] := x"+1 and D, := %0y):

D—An= Fu(Dx) + N0 ,  Fa(D)= D fukDk, N8 = D) gnie; (10)

part” “ diag | part” k20 k,f?()
k#L

(i) If F,,(Dy)x" = 0, one finds (for some normalization constants ¢, € C

1 1 om
S S flm[iAN)‘c,ax] o (11)
NP Tl P SR

gn(X) = cn

[3] N. Gurappa, C. Nagaraja Kumar, and P. K. Panigrahi. “New exactly and conditionally exactly solvable N-body problems in one dimension”. In: Modern Physics Letters A 11.21 (July 1996), pp. 1737—
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Specializing the technique to the case of SJ polynomials

Given the Jacobi differential operator

DS = (1= + (B — @) — (@ + B +2)x)0c = F*P (D) + N@P)(3,0,)

Jac
based upon the auxiliary identity D2 = 3202 + D, one may compute concretely
FSP) (D) i= —(Dy—n)(De+n+a+B+1)
NP (3,0,) = 67 + (B — )x
and thus obtains the following variant of the Sobolev-Jacobi polynomials:

M= Y (—1)"1[%”&]'";("

m=0

1
=
1+F—nN

P,(la’ﬁ) (x) =cn

o X, [prmmaararm (B + (B -0a)] "

m=0

(12)

(13)



Exponential generating functions

Case o = 3 = —1 of the variant of the Sobolev-Jacobi polynomials (and with ¢, := 1 for all n > 0):
m

P ) = Zo[m] -

=

(14)

. L

For any entire function f = f(Dy) in the operator Dy, and for any p,q € Z~, it holds that

f(bx))%pag =’A‘fpf’)fgf(i)x +p—q), )Acpagf(bx) =f(f)x—p+q))?p(3§ (15)

D)

Proposition: exponential formula for the monic SJ polynomials P,S‘l“

I 2
P,(l_l’_l)(x) =e 2Dx+"—191x” (16)

Proof: Starting from the original definition of P,(l_l’_l) (x), the claim follows from the following application of the

above Lemma:

e e et ,li * = () [atm]

@)



Exponential generating functions

« It will prove convenient to introduce the following bi-variate polynomials P, (x,y):

Pu(x,y) := €® (xy)" (17)
where the differential operator B is defined as
Bi=bod?, bpi=—j55 7 (PEZ>0) (18)

1

V(0 = (Palx,3)) [yt

Key result: exponential generating function (EGF) for P,(x,y) polynomials [4]

=> this allows us to re-express the polynomials pih b (x) in the form By

The EGF ¢(A;x,y) of the polynomials P, (x,y), defined as

ln
G(Rixy)i= 3 Paly) = Bt (19)
n=0 """
takes the explicit form

D m -1 Ax )n
GOixy) = S 00 S 1 (@R \" Dnbn—g) v (Ao)" o
(A:x,5) Z n! néo m! ( & ) T@m+n—7%) Z T

n=0 n=0

B S
IS o —

;Lzyz]
1°7 716 |-
T3

(20)

[4] Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson. “Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



Reformulation of multi-variate umbral
calculus in terms of integral operators



Two integrals of interest

+ gamma function:
Q0
I'(z):= f dte”'F7! (21)
0
It is well-known that I'(z) thus defined (and for Re(z) < 0 by analytic continuation) is a meromorphic
function with no zeros, and simple poles at z = —n (n € Z<) of residue (—1)"/n!.

* reciprocal gamma function:
1 1
——=—| dte't % 22
T(z) 2mi L ¢ (22)

Here, 1% is understood as having its principal value where t crosses the positive real axis and is continuous,
and the integration is taken along the Hankel contour 7. The reciprocal gamma function 1/I'(z) is an entire
function with simple zeros at z = —n (n € Z<).

+ The gamma function (resp. reciprocal gamma function) used here will be its full analytic continuation to
C\Z <y (resp. C).



Two integrals of interest

+ gamma function:
Q0
I(z):= J dre”'F! 1)
0
It is well-known that I'(z) thus defined (and for Re(z) < 0 by analytic continuation) is a meromorphic
function with no zeros, and simple poles at z = —n (n € Z<) of residue (—1)"/n!.

* reciprocal gamma function:
1 1

- 1.—Z
- szdtel . (22)

Here, 1% is understood as having its principal value where t crosses the positive real axis and is continuous,
and the integration is taken along the Hankel contour 7. The reciprocal gamma function 1/I'(z) is an entire
function with simple zeros at z = —n (n € Z<).

+ The gamma function (resp. reciprocal gamma function) used here will be its full analytic continuation to
C\Z <y (resp. C).

Idea that yields a form of umbral calculus:




Alphabets and generalized polynomials

Let &7 be an alphabet (i.e., a set of symbols or of formal variables), and let Cc(#) denote the set of all
functions « : &7 — C with finite support,

C) = {a: o/ — C||supp(a)| < o0} (23)
Then we denote by G¢(2) = (C(”), -) the group of generalized monomials, with multiplication
A AP = 0 tB (24)
where we employ the multi-index notation
{7 “}oecen - (25)

Moreover, we denote by C[G¢(<7)] the C-algebra of the group G¢ ().

Thus for a given function o : &7 — C with support
supp(a) = {a,...,an} = o

the corresponding element 7% € G¢ (<) reads more explicitly
Jya = allx(al) .. .a,‘f(u”) .



A new formulation of multi-variate umbral calculus

Let «/ = {A} w% w¥ w 2 be an alphabet of formal variables, where

* w denotes the operation of disjoint union, and

- where {A}, %, ¥ and £ are four (disjoint) alphabets of auxiliary formal variables.
Let furthermore <7y = o7 \{1}.
We define a formal integration operator i via specifying first its domain dom(i) as

dom(i) = {S € C[Gc(H)][[A]] | for all &% € supp(S) : range(at|9 ) = C\Z <o} (26)

whence elements of dom(i) are formal power series in A with coefficients that are generalized poly-
nomials over the alphabet <7, (where the extension to formal power series requires a suitable notion of
summability, see the paper).




A new formulation of multi-variate umbral calculus

Let 7 = {A} wZ v ¥ w 2 be an alphabet of formal variables, and let o7y = «7\{A}.
We define a formal integration operator i via specifying first its domain dom(i) as

dom(1) := {S € C[Gc()][[A]] | for all o/ € supp(S) : range(ct|7 ) = C\Z <o} - (26)
Then for some monomial o7 * € dom(1), the action of | on 7% is defined as

1(%):= H f du, H 2ﬂfva i 42%05

weU(a) vieV(a)

U(a) :=supp(a) "% , V(@) := supp(a) n ¥ (27)

&(a) = o(a) ifaed\¥V
—ofa) ifae?

We extend 1 by linearity to finite sums. For infinite sums, this requires an appropriate notion of

convergence. A series Y, ¢/ % will be in dom(1) (the domain of 1) if the family (cﬁ(,gzi"‘i) o

is summable in the target (in the sense of discrete summability or compact convergence for entire

functions).




lllustrating a key property of multi-variate umbral calculus

- g

We suppose that
(i) the alphabet o7 is partitioned into two disjoint subalphabets

A = o) ot

(i) we are given two series
S| = animflai and S, = Ecaj%q"

i€l JjEL
such that Sy, 85 € dom(l).

Then 1(5,5,) exists and
1(8152) = 1(51)1(S2)-




Collection of first examples

« ForaeC\Z¢pand B eC,

(28)



Collection of first examples

« ForaeC\Z¢pand B eC,

i) =T(a), i(vﬁ) - % (28)
« Fora,feC\Zgpandne Z,
1(,,0+n a F(a+n) 1 n F(B) 1
|(u+v)=w=(a)n, |(u6vﬁ+>=m=(ﬁ)n. (29)

Here, we employ the notation (x), := I'(x +y)/I"(x) for the Pochhammer symbol, as customary e.g., in
the literature on hypergeometric functions.



Collection of first examples

« ForaeC\Z¢pand B eC,

i) =T(a), i(vﬁ) - % (28)
« Fora,feC\Zgpandne Z,
f(u ) % = (@), (V) = % . (Bl)n . (29)

Here, we employ the notation (x), := I'(x +y)/I"(x) for the Pochhammer symbol, as customary e.g., in
the literature on hypergeometric functions.

+ Alternative formula for the generalized hypergeometric functions, with parameters o, B; € C\Z < and
with formal variable z:

a | _ (O‘i)lgig L 2" (0)n - (Op)n
qu[ﬁ’Z} —qu[ . p’z] '_va (B)n-(By)n (30)

= n=0"""

(uj_;,_ij_,_p)ﬁ/ UL UpVp 41 Vptq (31)

'
~
:]w
)
=
=
~
)



Collection of first examples

« ForaeC\Z¢pand B eC,

(%) =T(a), i(vﬁ) - ﬁ

- eigenfunction of 0, vs. eigenfunction of 1 0y := 0xx0, (Laguerre derivative):

6)56}”‘ = lelx, OxxOxl (Ve ) = 0 XOx 2 =

this is a first example of an type result!

( v?ux)

(32)



Discoveries and results on
Sobolev-Jacobi polynomials and their
lacunary exponential generating
functions




Table of Sobolev-Jacobi vs. two-variable Hermite polynomials forn =0,---,10

n BV H(x,)

0 1 1

1 X X

2 x—1 x2 42y

3 X —x x> + 6xy

4 x4—6Tx2+% K122y 4 12)2

5 x — %x} + 37—" x +20x3y 4 60xy?

6 O e X6 4 30x%y + 180x2y2 + 120y3

7 PSR NI X7 4 42:5y + 42003y + 840x)3

8 82 2008 0 s X8 4 56x8y + 840x*y2 + 3360x2)3 + 1680y

9 -1l e s 2 47227y + 1512657 + 100805y + 15120xy*
10 x10_ 48 a2 210 | 315 T 110 4 90x8y 4 2520x6)2 42520054y + 756002y + 30240y




Sobolev-Jacobi polynomials as umbral images of bi-variate Hermite polynomials [5]

Consider the polynomials P, (x,y) and Hy(x,z) and their exponential generating functions:

1 1 2 n
Palxy) =€ BT (), G(Aixy)i= ), /L.Pn(x,y)
=
> A"
Hy(x,2) 1= %" H(A;x,2) = Z —H,(x,2).
S0 n!

Theorem 1 of [5]

The exponential generating function ¢ (A;x,y) is an umbral image of the generating function 57 (1;x,z),

, L A
g(l;x,y) =1 (\/%e(luv})x+(luvy)2( 414)) = (\/%% (luvy;x,—i)) . (34)

Thus the monic SJ polynomials P,(x) = P,(,_l’_l) (x) := P,(x,1) may alternatively be expressed as
(1. A 1 A 1 €L
Pa(x) =B D () =1 ((uv)"_ZHn(x, fflu)) =) (mew & (xuv)”) . (35)

[5] Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson. “Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



All-order lacunary exponential generating functions for the SJ polynomials

Consider the polynomials P, (x,y) and H,(x,z) and their lacunary EGFs (K > 1,L > 0):

n n

A A
Gx(Ax,y) = Z FPn-K+L(X7}’)7 S 1(Asx,z) 1= Z "y n-K+L(%,2) -

n=0 " n=0

Theorem 2 of [5]
- ) B.  r(ks—p-1
g]{ 2T07Lx ZZ’LXKS 2ﬁ(*%) hK-s,ﬁ#'
B=0s>0

((s + j%l)ogisk—w (25 + T)OS”‘T”)

7
~ar-nFaEr- s o A (_%)
((T)?;ﬂft[ls’ (s+ %g+ )ogzgk—l>

Here, iln,k denote the so-called matching coefficients (of directed Hermite-configurations),

! .
o e m ifO<2k<n

’ 0 otherwise.

[5] Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson. “Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



All-order lacunary exponential generating functions for the SJ polynomials

Consider the polynomials P, (x,y) and H,(x,z) and their lacunary EGFs (K > 1,L > 0):

n

A
GxL(Asx,y) = ) oy Pk (), Ak L(A;x,2) Z Hn k+L(%,2).

n>0 n>0

Theorem 2 of [5]

1
Gi=2r+10(A:%) = ZZAx’”Zﬁ( Z) s psfg)

1
_15>0 F(K-S—Z)

i+1 2m—2B—1
+ J )0 ; S+ ——>p—
<j<2K—-2> 2K
( TEK—1 0<m<K-1 A2

;_4K+1

[\S1E)

- 3k-2)F(3K-1)

(ﬁ+z+1) ( 421 )
ISy 4K ) o<i<ok—1
n! f
- T au if0<2k<n
o 1= (n—2Kk) k! .
0 otherwise

[5] Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson. “Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



All-order lacunary exponential generating functions for the SJ polynomials

Consider the polynomials P, (x,y) and Hy,(x,z) and their lacunary EGFs (K > 1,L > 0):

A" A"
G L(Asxy) = ), Pk (xy), A L(Ax,2) = ) —rHnkL(x,2).

n=0 """ n=0 "

Theorem 2 of [5]

For integer parameters K € Z. |, denote by
ul
G (U3 A5x) = Z = Yx,L(A;x) (36)
L=0

the exponential generating function of lacunary shifts of the lacunary generating functions % o(4;x).
Then ¥k (1;A;x) is given by

2,2
G (s A;x) =1 (ﬁ phur— Hio (l(uv)K;x— %7 ﬁ)) . (37)

[5] Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson. “Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



Examples for SJ-polynomial lacunary exponential generating functions



Examples for SJ-polynomial lacunary exponential generating functions

s 1 s 1
3 2te 2t 3
D30(Asx) = ZY'XWFS[ K
2

5s=0

At 32 [ TBG+1)-3) ((s+1))!
(s+l)!x( ) (4r(3(s+1)—%) ((3(S+1)*2)!>'

A2 3(s42 (3(s+2)-3) (BGs+2))!
*2 Gt~ ) (16F(3(s+2)—2])) (2!(3(S+2)74)!) '

s=0



Examples for SJ-polynomial lacunary exponential generating functions

i 3 i i
s s+f,S+ s+3,25—7,25+5 A
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Elementary binary reactions — plots [5]
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[5] Nicolas Behr, Gérard H.E. Duchamp, and Karol A. Penson. “Combinatorics of Chemical Reaction Systems”. In: arXiv:1712.06575 (2017)
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OPSFA 15 “mini-challenge”

How does one compute in closed form the probability generating function P(#;x) with evolution equation
OP(1;%) = [a(32 — 1) + B(1 —22)3?]P(t;x)
P(0;x) = x"

describing the system with reactions @ NG} ¢ (pair creation) and 2X L @ (pair annihilation)?

Here, «, B € R~ are non-zero real parameters (reaction rates), and &[x"] := x" 1.
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How does one compute in closed form the probability generating function P(z;x) with evolution equation
OP(t;x) = [a(&* — 1)+ (1 —3*)0; | P(t;x)
P(0;x) = X"

describing the system with reactions @ Loox (pair creation) and 2X LR & (pair annihilation)?
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