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Delbrück’s insight: probability generating function evolution equation for chemical reaction systems

MULTI-TYPE CASE
HW part

example for a reaction:

A + B Ñ C

• multi-type Heisenberg-Weyl algebra:

[ai, a
:
j] = δij

• multi-type bosonic Fock space:

|n⃗y ” |n1, n2, . . . y (
ÿ

i

ni ă 8 , ni P Zě0)

• action of the annihilators ai and the creators a:
j :

ai|n⃗y := ni|n⃗ ´ δ⃗iy , a:
i |n⃗y := |n⃗ + δ⃗iy

• interpretation: the individual types (visualized as colors)
are acted upon independently from one another • pure state: characterized by numbers

of each type of particle

|ny “ |nA,nB,nCy

• probability generating function: given a time-

dependent probability distribution |Ψyptq “ř
ně0 pnptq |ny over pure states,

|ψy Ø Ppt;xq :“
ÿ

ně0

pnptqxn (1)

with xn “ xnA
A xnB

B xnC
C

Delbrück r1s

The master equation for a chemical reaction system

with reactions

i ¨X
ri,o
ÝÝá o ¨X

reads (with x̂rxns “ xn`1)

B
Bt Ppt;xq “

ÿ

i,o

ri,o
`
px̂qo´px̂qi

˘´
B
Bx

¯i
Ppt;xq (2)

[1] Max Delbrück. “Statistical fluctuations in autocatalytic reactions”. In: The Journal of Chemical Physics 8.1 (1940), pp. 120–124



Why Sobolev-Jacobi polynomials?

• Jacobi differential operator: for α,β P R,

Dpα,βq
Jac :“ p1´ x2qB2

x `ppβ ´αq´pα`β `2qxqBx (3)

• For α,β ą´1: polynomial eigenfunctions are the Jacobi polynomials,

Dpα,βq
Jac Ppα,βq

n pxq “ ´npn`α`β `1qPpα,βq
n pxq

Ppα,βq
n pxq “

nÿ

k“0

ˆ
n`α

k

˙ˆ
n`β
n´ k

˙ˆ
x`1

2

˙kˆ x´1
2

˙n´k
,

(4)

which are orthogonal w.r.t. the inner product Φpα,βq defined via

@p,q P Rrxs : Φpα,βqpp,qq :“
ż `1

´1
dxp1´ xqα p1` xqβ ppxqqpxq , (5)

such that more explicitly (with ϕpα,βq
n P R some non-zero constants)

@m,n P Zě0 : Φpα,βqpPpα,βq
m ,Ppα,βq

n q “ δm,nϕpα,βq
n , @n P Zě0 : Ppα,βq

n pxq P L2
Φpα,βqpr´1,1sq (6)
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• But: e.g. for chemical reaction 2Aá∅, the evolution operator is Dp´1,´1q
Jac “ p1´ x2qB2

x

ñ Problems:
Pp´1,´1q

0 pxq R L2
Φpα,βqpr´1,1sq and Pp´1,´1q

1 pxq “ 0 ñ no OPS! (7)



Solution: Sobolev-Jacobi polynomials

• Kwon & Littlejohn (1990’s) r2s: resolve the problem for α ď´1 and/or β ď´1 via replacing Φpα,βq with

the Sobolev inner products Φp´1,´1q
A,B and Φp´1,βq

C (for β ą´1) defined as follows:

@p,q P Rrxs : Φp´1,´1q
A,B pp,qq :“ App1qqp1q`Bpp´1qqp´1q`

ż `1

´1
dx p1pxqq1pxq

Φp´1,βq
C pp,qq :“ Cpp1qqp1q`

ż `1

´1
dx px`1qβ`1p1pxqq1pxq pβ ą´1q

(8)

here, p1pxq and q1pxq denote the first derivatives of the polynomials, and A,B,C P R are parameters.

For the resulting inner products to be positive definite, the parameters A,B,C P R must satisfy the following

conditions: for Φp´1,´1q
A,B , A, and B must verify

A`Bą 0 , Apγ`1q2`Bpγ´1q2`2‰ 0 , Apγ`1q`Bpγ´1q “ 0 , γ :“ pB´Aq{pA`Bq (9)

while for Φp´1,βq
C the parameter C must verify

C ą 0 (10)

[2] Kil H. Kwon and L.L. Littlejohn. “Sobolev orthogonal polynomials and second-order differential equations”. In: The Rocky Mountain journal of mathematics (1998), pp. 547–594



Solution: Sobolev-Jacobi polynomials

• The Sobolev-Jacobi orthogonal polynomials P̃pα,βq
n pxq are defined for α “´1, β “´1 as

P̃p´1,´1q
0 pxq :“ 1

P̃p´1,´1q
1 pxq :“ x` γ pγ :“ pB´Aq{pA`Bqq

P̃p´1,´1q
ně2 pxq :“

ˆ
2n´2

n

˙´1 n´1ÿ

k“1

ˆ
n´1

k

˙ˆ
n´1
n´ k

˙
px´1qn´kpx`1qk

(8)

where γ “ pB´Aq{pA`Bq, while for the parameters α “´1, β ą´1 one defines

P̃p´1,βq
0 pxq :“ 1

P̃p´1,βq
1 pxq :“ x´1

P̃p´1,βq
ně2 pxq :“

ˆ
2n`β ´1

n

˙´1 nÿ

k“0

ˆ
n´1

k

˙ˆ
n`β
n´ k

˙
px´1qn´kpx`1qk

(9)

Propositions 4.2 and 4.3 of r2s

The polynomials P̃pα,βq
n pxq form a complete orthogonal system of polynomial eigenfunctions of the

Jacobi differential operator at parameters in the aforementioned parameter ranges.



Plan

I An interesting technique by Gurappa and Panigrahi

Recasting the Sobolev-Jacobi polynomials in a novel operational form.

II Reformulating multi-variate umbral calculus via integral operators

From generalized polynomials to a calculus for special functions and formal power series.

III Operational method results on Sobolev-Jacobi polynomials

Discoveries and results on algebraic structure, connection coefficients and all-order higher-order lacunary

exponential generating functions of the SJ polynomials.

Paper: Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson.
“Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



An innovative technique developed by
Gurappa and Panigrahi



An innovative technique to determine polynomial eigenfunctions

The technique of Gurappa and Panigrahi r3s

For a differential operator pD in the variable x, suppose there exist polynomial eigenfunctions qnpxq P
Crxs for each ně 0 such that pDqnpxq “ λn qnpxq pλn P Cq. To calculate the qnpxq’s,

(i) decompose the operator pD´λn as follows (with x̂rxns :“ xn`1 and D̂x :“ x̂Bx):

pD´λn “ FnpD̂xq
“diagonal part”

` Npx̂,Bxq
“non-diagonal part”

, FnpD̂xqq “
ÿ

kě0

fn,k D̂k
x , Npx̂,Bxq “

ÿ

k,`ě0
k‰`

gn,k,` x̂kB`x (10)

(ii) If FnpD̂xqxn “ 0, one finds (for some normalization constants cn P C

qnpxq “ cn
1

1` 1
FnpD̂xq

Npx̂,Bxq
xn “ cn

ÿ

mě0

p´1qm
„

1
FnpD̂xq

Npx̂,Bxq

˝m
xn . (11)

[3] N. Gurappa, C. Nagaraja Kumar, and P. K. Panigrahi. “New exactly and conditionally exactly solvable N-body problems in one dimension”. In: Modern Physics Letters A 11.21 (July 1996), pp. 1737–
1744; N. Gurappa and P. K. Panigrahi. “Equivalence of the Sutherland model to free particles on a circle”. In: arXiv preprint hep-th/9908127 (1999); N. Gurappa, P. K. Panigrahi, T. Shreecharan,
and S. Sree Ranjani. “A Novel Method to Solve Familiar Differential Equations and its Applications”. In: Frontiers of Fundamental Physics 4. Springer US, 2001, pp. 269–277; N. Gurappa, P. K.
Panigrahi, and T Shreecharan. “Linear differential equations and orthogonal polynomials: A novel approach”. In: arXiv preprint math-ph/0203015 (2002); T. Shreecharan, P. K. Panigrahi, and
J. Banerji. “Coherent states for exactly solvable potentials”. In: Physical Review A 69.1 (Jan. 2004); N. Gurappa and P. K. Panigrahi. “On polynomial solutions of the Heun equation”. In: Journal of
Physics A: Mathematical and General 37.46 (Nov. 2004), pp. L605–L608

https://doi.org/10.1142%2Fs0217732396001727
https://arxiv.org/abs/hep-th/9908127
https://arxiv.org/abs/math-ph/0203015
https://doi.org/10.1103%2Fphysreva.69.012102
https://doi.org/10.1088%2F0305-4470%2F37%2F46%2Fl01
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Specializing the technique to the case of SJ polynomials

Given the Jacobi differential operator

Dpα,βq
Jac “ p1´ x2qB2

x `ppβ ´αq´pα`β `2qxqBx
!
“ Fpα,βq

n pD̂xq`Npα,βqpx̂,Bxq ,

based upon the auxiliary identity D̂2
x “ x̂2B2

x ` D̂x one may compute concretely

Fpα,βq
n pD̂xq :“´pD̂x´nqpD̂x`n`α`β `1q

Npα,βqpx̂,Bxq “ B
2
x `pβ ´αqBx

(12)

and thus obtains the following variant of the Sobolev-Jacobi polynomials:

P̃pα,βq
n pxq “ cn

1
1` 1

F̂n
N̂

xn “ cn
ÿ

mě0

p´1qm
”

1
F̂n

N̂
ım

xn

“ cn
ÿ

mě0

”
1

pD̂x´nqpD̂x`n`α`β`1q

´
B2

x `pβ ´αqBx

¯ım
xn .

(13)



Exponential generating functions

Case α “ β “´1 of the variant of the Sobolev-Jacobi polynomials (and with cn :“ 1 for all ně 0):

P̃p´1,´1q
n pxq “

ÿ

mě0

”
1

pD̂x´nqpD̂x`n´1q

ım
xn . (14)

Lemma

For any entire function f ” f pD̂xq in the operator D̂x, and for any p,q P Zě0, it holds that

f pD̂xqx̂pBq
x “ x̂pBq

x f pD̂x`p´qq , x̂pBq
x f pD̂xq “ f pD̂x´p`qqx̂pBq

x (15)

Proposition: exponential formula for the monic SJ polynomials P̃p´1,´1q
n pxq

P̃p´1,´1q
n pxq “ e

´
1
2

1
D̂x`n´1

B2
x xn (16)

Proof: Starting from the original definition of P̃p´1,´1q
n pxq, the claim follows from the following application of the

above Lemma:

”
1

pD̂x´nqpD̂x`n´1q
B2

x

ım
xn “

”
1

pD̂x`n´1q
B2

x

ım

¨
˝

mź

j“1

1
D̂x´n´2j

˛
‚xn “ 1

m!

´
´ 1

2

¯m ”
1

pD̂x`n´1q
B2

x

ım
xn



Exponential generating functions

• It will prove convenient to introduce the following bi-variate polynomials Pnpx,yq:

Pnpx,yq :“ eBpxyqn (17)

where the differential operator B is defined as

B :“ b0 B
2
x , bp :“´ 1

2
1

D̂x`D̂y`p´1
pp P Zě0q (18)

ñ this allows us to re-express the polynomials P̃p´1,´1q
n pxq in the form P̃p´1,´1q

n pxq “ pPnpx,yqq |yÑ1

Key result: exponential generating function (EGF) for Pnpx,yq polynomials r4s

The EGF G pλ ;x,yq of the polynomials Pnpx,yq, defined as

G pλ ;x,yq :“
ÿ

ně0

λ n

n!
Pnpx,yq “ eBeλxy (19)

takes the explicit form

G pλ ;x,yq “
ÿ

ně0

pλxyqn

n!

ÿ

mě0

1
m!

´
´

λ 2y2

4

¯m Γpm`n´ 1
2 q

Γp2m`n´ 1
2 q
“

ÿ

ně0

pλxyqn

n! 1F2

«
n´ 1

2
n
2 ´

1
4 ,

n
2 `

1
4

;´ λ 2y2

16

ff
.

(20)

[4] Nicolas Behr, Giuseppe Dattoli, Gérard H. E. Duchamp, Silvia Licciardi, and Karol A. Penson. “Operational Methods in the Study of Sobolev-Jacobi Polynomials”. In: Mathematics 7.2 (2019)



Reformulation of multi-variate umbral
calculus in terms of integral operators



Two integrals of interest

• gamma function:

Γpzq :“
ż 8

0
dt e´ttz´1 (21)

It is well-known that Γpzq thus defined (and for Repzq ă 0 by analytic continuation) is a meromorphic
function with no zeros, and simple poles at z“´n (n P Zď0) of residue p´1qn{n!.

• reciprocal gamma function:
1

Γpzq
“

1
2πi

ż

γ
dt ett´z . (22)

Here, t´z is understood as having its principal value where t crosses the positive real axis and is continuous,

and the integration is taken along the Hankel contour γ . The reciprocal gamma function 1{Γpzq is an entire
function with simple zeros at z“´n (n P Zď0).

• The gamma function (resp. reciprocal gamma function) used here will be its full analytic continuation to

CzZď0 (resp. C).

Idea that yields a form of umbral calculus:

Γpzq “
ż 8

0
dt 1

t e´t tz ,
1

Γpzq
“

1
2πi

ż

γ
dt et t´z



Two integrals of interest

• gamma function:

Γpzq :“
ż 8

0
dt e´ttz´1 (21)

It is well-known that Γpzq thus defined (and for Repzq ă 0 by analytic continuation) is a meromorphic
function with no zeros, and simple poles at z“´n (n P Zď0) of residue p´1qn{n!.

• reciprocal gamma function:
1

Γpzq
“

1
2πi

ż

γ
dt ett´z . (22)

Here, t´z is understood as having its principal value where t crosses the positive real axis and is continuous,

and the integration is taken along the Hankel contour γ . The reciprocal gamma function 1{Γpzq is an entire
function with simple zeros at z“´n (n P Zď0).

• The gamma function (resp. reciprocal gamma function) used here will be its full analytic continuation to

CzZď0 (resp. C).

Idea that yields a form of umbral calculus:

Γpzq “
ż 8

0
dt 1

t e´t tz ,
1

Γpzq
“

1
2πi

ż

γ
dt et t´z



Alphabets and generalized polynomials

Definition

Let A be an alphabet (i.e., a set of symbols or of formal variables), and let CpA q denote the set of all

functions α : A Ñ C with finite support,

CpA q :“ tα : A Ñ C | |supppαq| ă 8u (23)

Then we denote by GCpX q ” pCpA q, ¨q the group of generalized monomials, with multiplication

A α ¨A β “A α`β , (24)

where we employ the multi-index notation

tA αuαPCpA q . (25)

Moreover, we denote by CrGCpA qs the C-algebra of the group GCpA q.

Thus for a given function α : A Ñ C with support

supppαq “ ta1, . . . ,anu ĂA

the corresponding element A α P GCpA q reads more explicitly

A α “ aαpa1q

1 . . .aαpanq
n .



A new formulation of multi-variate umbral calculus

Definition

Let A “ tλuZU ZV ZX be an alphabet of formal variables, where

• Z denotes the operation of disjoint union, and

• where tλu, U , V and X are four (disjoint) alphabets of auxiliary formal variables.

Let furthermore A‚ “A ztλu.
We define a formal integration operator Î via specifying first its domain dompÎq as

dompÎq :“ tS P CrGCpA‚qsrrλ ss | for all A α P supppSq : rangepα|U q Ă CzZď0u (26)

whence elements of dompÎq are formal power series in λ with coefficients that are generalized poly-
nomials over the alphabet A‚ (where the extension to formal power series requires a suitable notion of

summability, see the paper).
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We define a formal integration operator Î via specifying first its domain dompÎq as

dompÎq :“ tS P CrGCpA‚qsrrλ ss | for all A α P supppSq : rangepα|U q Ă CzZď0u . (26)

Then for some monomial A α P dompÎq, the action of Î on A α is defined as

ÎpA α q :“

¨
˝ ź

uiPUpαq

ż 8

0
dui

e´ui

ui

˛
‚
»
–
¨
˝ ź

vjPVpαq

1
2πi

ż

γ
dvj evj

˛
‚
”
A α̃

ı
fi
fl

Upαq :“ supppαqXU , Vpαq :“ supppαqXV

α̃paq :“

$
&
%

αpaq if a PA zV

´αpaq if a P V

(27)

We extend Î by linearity to finite sums. For infinite sums, this requires an appropriate notion of

convergence. A series
ř

iPI ciA
αi will be in dompÎq (the domain of Î) if the family

´
ci ÎpA αiq

¯
iPI

is summable in the target (in the sense of discrete summability or compact convergence for entire

functions).



Illustrating a key property of multi-variate umbral calculus

Lemma

We suppose that

(i) the alphabet A is partitioned into two disjoint subalphabets

A “A1ZA2

(ii) we are given two series

S1 “
ÿ

iPI1

cαiA
αi

1 and S2 “
ÿ

jPI2

cαjA
αj

2

such that S1,S2 P dompÎq.

Then ÎpS1S2q exists and

ÎpS1S2q “ ÎpS1qÎpS2q .



Collection of first examples

• For α P CzZď0 and β P C,

Îpuα q “ Γpαq , Î
´

vβ
¯
“

1
Γpβ q

. (28)

• For α,β P CzZď0 and n P Zě0,

Î
`
uα`nvα˘“ Γpα`nq

Γpαq
“ pαqn , Î

´
uβ vβ`n

¯
“

Γpβ q
Γpβ `nq

“
1
pβ qn

. (29)

Here, we employ the notation pxqy :“ Γpx` yq{Γpxq for the Pochhammer symbol, as customary e.g., in

the literature on hypergeometric functions.

• Alternative formula for the generalized hypergeometric functions, with parameters αi,βj P CzZď0 and

with formal variable z:

pFq

«
α
β

;z

ff
” pFq

«`
αi
˘

1ďiďp`
βj
˘

1ďjďq

;z

ff
:“

ÿ

ně0

zn

n!
pα1qn ¨ ¨ ¨ pαpqn

pβ1qn ¨ ¨ ¨ pβqqn
(30)

“ Î

¨
˝
˜ pź

i“1

puiviq
αi

¸¨
˝

qź

j“1

puj`pvj`pq
βj

˛
‚ ezu1¨¨¨upvp`1¨¨¨vp`q

˛
‚ (31)
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Collection of first examples

• For α P CzZď0 and β P C,

Îpuα q “ Γpαq , Î
´

vβ
¯
“

1
Γpβ q

. (32)

• eigenfunction of Bx vs. eigenfunction of LBx :“ BxxBx (Laguerre derivative):

Bxeλx “ λeλx , BxxBx Î
´

vevλx
¯
“ BxxBx

ÿ

ně0

xn

pn!q2
“ λ Î

´
vevλx

¯
(33)

ñ this is a first example of an umbral image type result!



Discoveries and results on
Sobolev-Jacobi polynomials and their
lacunary exponential generating
functions



Table of Sobolev-Jacobi vs. two-variable Hermite polynomials for n“ 0, ¨ ¨ ¨ ,10

n P̃p´1,´1q
n pxq Hnpx,yq

0 1 1

1 x x

2 x2´1 x2`2y
3 x3´ x x3`6xy
4 x4´ 6x2

5 `
1
5 x4`12x2y`12y2

5 x5´ 10x3

7 ` 3x
7 x5`20x3y`60xy2

6 x6´ 5x4

3 `
5x2

7 ´
1
21 x6`30x4y`180x2y2`120y3

7 x7´ 21x5

11 `
35x3

33 ´
5x
33 x7`42x5y`420x3y2`840xy3

8 x8´ 28x6

13 `
210x4

143 ´
140x2

429 `
5

429 x8`56x6y`840x4y2`3360x2y3`1680y4

9 x9´ 12x7

5 ` 126x5

65 ´ 84x3

143 `
7x

143 x9`72x7y`1512x5y2`10080x3y3`15120xy4

10 x10´ 45x8

17 `
42x6

17 ´
210x4

221 `
315x2

2431 ´
7

2431 x10`90x8y`2520x6y2`25200x4y3`75600x2y4`30240y5



Sobolev-Jacobi polynomials as umbral images of bi-variate Hermite polynomials r5s

Consider the polynomials Pnpx,yq and Hnpx,zq and their exponential generating functions:

Pnpx,yq :“ e
´ 1

2
1

D̂x`D̂y´1 B
2
x
pxyqn , G pλ ;x,yq :“

ÿ

ně0

λ n

n!
Pnpx,yq

Hnpx,zq :“ ezB2
x xn , H pλ ;x,zq :“

ÿ

ně0

λ n

n!
Hnpx,zq .

Theorem 1 of r5s

The exponential generating function G pλ ;x,yq is an umbral image of the generating function H pλ ;x,zq,

G pλ ;x,yq “ Î

ˆ
1
?

uv
e
pλuvyqx`pλuvyq2

´
´

1
4u

¯˙
“ Î

ˆ
1
?

uv
H

´
λuvy;x,´ 1

4u

¯˙
. (34)

Thus the monic SJ polynomials Pnpxq ” P̃p´1,´1q
n pxq :“ Pnpx,1q may alternatively be expressed as

Pnpxq ” P̃p´1,´1q
n pxq “ Î

ˆ
puvqn´

1
2 Hnpx,´ 1

4u q

˙
“ Î

ˆ
1
?

uv
e´

1
4u B

2
x pxuvqn

˙
. (35)
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All-order lacunary exponential generating functions for the SJ polynomials

Consider the polynomials Pnpx,yq and Hnpx,zq and their lacunary EGFs (K ě 1,Lě 0):

GK,Lpλ ;x,yq :“
ÿ

ně0

λ n

n!
Pn¨K`Lpx,yq , HK,Lpλ ;x,zq :“

ÿ

ně0

λ n

n!
Hn¨K`Lpx,zq .

Theorem 2 of r5s

GK“2T,0pλ ;xq “
T´1ÿ

β“0

ÿ

sě0

λ s

s! xK¨s´2β
´
´ 1

4

¯β
h̃K¨s,β

ΓpK¨s´β´ 1
2 q

ΓpK¨s´ 1
2 q

¨

¨ p3T´1qFp3T´1q

»
———–

´`
s` j`1

K

˘
0ďjďK´2,

`
2s` 2m´β´1

K

˘
0ďmďT´1

¯

˜
` β```1

T

˘
0ď`ďT´1
`‰T´1´β

,
`
s` 2t´1

2K

˘
0ďtďK´1

¸ ;λ
´
´ 1

4

¯T

fi
ffiffiffifl

Here, h̃n,k denote the so-called matching coefficients (of directed Hermite-configurations),

h̃n,k :“

$
&
%

n!
pn´2kq!k! if 0ď 2kď n

0 otherwise.
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4

¯β
h̃K¨s,β

ΓpK¨s´β´ 1
2 q

ΓpK¨s´ 1
2 q

¨

¨ p3K´2qFp3K´1q

»
————–

˜´
s
2 `

j`1
2K

¯
0ďjď2K´2

j‰K´1
,
´

s` 2m´2β´1
2K

¯
0ďmďK´1

¸

˜´
β```1

K

¯
0ď`ďK´1
`‰K´1´β

,
´

s
2 `

2t´1
4K

¯
0ďtď2K´1

¸ ;´
λ 2

4K`1

fi
ffiffiffiffifl
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$
&
%
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All-order lacunary exponential generating functions for the SJ polynomials

Consider the polynomials Pnpx,yq and Hnpx,zq and their lacunary EGFs (K ě 1,Lě 0):

GK,Lpλ ;x,yq :“
ÿ

ně0

λ n

n!
Pn¨K`Lpx,yq , HK,Lpλ ;x,zq :“

ÿ

ně0

λ n

n!
Hn¨K`Lpx,zq .

Theorem 2 of r5s

For integer parameters K P Zě1, denote by

GKpµ;λ ;xq :“
ÿ

Lě0

µL

L!
GK,Lpλ ;xq (36)

the exponential generating function of lacunary shifts of the lacunary generating functions GK,0pλ ;xq.
Then GKpµ;λ ;xq is given by

GKpµ;λ ;xq “ Î

ˆ
1?
uv eµuvx´ µ2uv2

4 HK,0

´
λ puvqK ;x´ µv

2 ,´ 1
4u

¯˙
. (37)
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Examples for SJ-polynomial lacunary exponential generating functions

GK,Lpλ ;xq :“
ÿ

ně0

λ n

n!
Pn¨K`Lpxq

G1,0pλ ;xq “
ÿ

sě0

λ s

s! xs
1F2

«
s´ 1

2
s
2 ´

1
4 ,

s
2 `

1
4

;´ λ 2

16

ff

G2,0pλ ;xq “
ÿ

sě0

λ s

s! x2s
2F2

«
s` 1

2 , 2s´ 1
2

s´ 1
4 , s` 1

4
;´

λ
4

ff

G2,1pλ ;xq “
ÿ

sě0

λ s

s! x2s`1
2F2

«
s` 3

2 , 2s` 1
2

s` 1
4 , s` 3

4
;´

λ
4

ff



Examples for SJ-polynomial lacunary exponential generating functions

G3,0pλ ;xq “
ÿ

sě0

λ s

s! x3s
7F8

«
s
2 `

1
6 ,

s
2 `

1
3 ,

s
2 `

2
3 ,

s
2 `

5
6 , s´ 1

6 , s` 1
6 , s` 1

2
1
3 ,

2
3 ,

s
2 ´

1
12 ,

s
2 `

1
12 ,

s
2 `

1
4 ,

s
2 `

5
12 ,

s
2 `

7
12 ,

s
2 `

3
4

;´
λ 2

256

ff

´
ÿ

sě0

λ s`1

ps`1q! x3ps`1q´2
ˆ

Γp3ps`1q´ 3
2 q

4Γp3ps`1q´ 1
2 q

˙ ´
p3ps`1qq!
p3ps`1q´2q!

¯
¨

¨ 7F8

«
s`1

2 ` 1
6 ,

s`1
2 ` 1

3 ,
s`1

2 ` 2
3 ,

s`1
2 ` 5

6 , ps`1q´ 1
2 , ps`1q´ 1

6 , ps`1q` 1
6

2
3 ,

4
3 ,

s`1
2 ´ 1

12 ,
s`1

2 ` 1
12 ,

s`1
2 ` 1

4 ,
s`1

2 ` 5
12 ,

s`1
2 ` 7

12 ,
s`1

2 ` 3
4

;´
λ 2

256

ff

`
ÿ

sě0

λ s`2

ps`2q! x3ps`2q´4
ˆ

Γp3ps`2q´ 5
2 q

16Γp3ps`2q´ 1
2 q

˙ ´
p3ps`2qq!

2!p3ps`2q´4q!

¯
¨

¨ 7F8

«
s`2

2 ` 1
6 ,

s`2
2 ` 1

3 ,
s`2

2 ` 2
3 ,

s`2
2 ` 5

6 , ps`2q´ 5
6 , ps`2q´ 1

2 , ps`2q´ 1
6

4
3 ,

5
3 ,

s`2
2 ´ 1

12 ,
s`2

2 ` 1
12 ,

s`2
2 ` 1

4 ,
s`2

2 ` 5
12 ,

s`2
2 ` 7

12 ,
s`2

2 ` 3
4

;´
λ 2

256

ff



Examples for SJ-polynomial lacunary exponential generating functions

G4,0pλ ;xq “
ÿ

sě0

λ s

s! x4s
5F5

«
s` 1

4 , s` 1
2 , s` 3

4 , 2s´ 1
4 , 2s` 1

4
1
2 , s´ 1

8 , s` 1
8 , s` 3

8 , s` 5
8

;
λ
16

ff
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ÿ

sě0

λ s`1
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2 q

4Γp4ps`1q´ 1
2 q
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¯
¨

¨ 5F5

«
ps`1q` 1

4 , ps`1q` 1
2 , ps`1q` 3

4 , 2ps`1q´ 3
4 , 2ps`1q´ 1

4
3
2 , ps`1q´ 1

8 , ps`1q` 1
8 , ps`1q` 3

8 , ps`1q` 5
8

;
λ
16

ff



Elementary binary reactions – plots r5s

a) birth reaction 0A
b=50����* 1A
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b) pair creation reaction 0A
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c) decay reaction 1A t=4���* 0A
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d) autocatalysis reaction 1A
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e) pair annihilation reaction 2A
k=
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40����* 0A
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f) catalytic decay reaction 2A
l=

1
10����* 1A
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Fig. 2 Discrete probability distributions for initial state |Y(0)i = |100i and for individual elementary reactions.
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OPSFA 15 “mini-challenge”

How does one compute in closed form the probability generating function Ppt;xq with evolution equation

BtPpt;xq “ “
αpx̂2´1q`β p1´ x̂2qB2

x

‰
Ppt;xq

Pp0;xq “ xn

describing the system with reactions ∅ α
Ýá 2X (pair creation) and 2X

β
Ýá∅ (pair annihilation)?

Here, α,β P Rą0 are non-zero real parameters (reaction rates), and x̂rxns :“ xn`1.
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