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Hermite polynomials in physics: the quantum harmonic oscillator

W7(>f)
Yel) * two-variable Hermite (or so-called Hermite-Kampé de
—Ws() Fériet) polynomials [2] [3]:
P P A yo? 7
- " - H = s
7 /v W(x,y) = @%x" (ne Zxo)
- ' L) + quantum harmonic oscillator: Schrédinger equation
o A i )
— T iho W (x, 1) = —h—af.\p(x, 1)+ 1kx2\11(x, /)
2m 2
= stationary solutions are of the form
Energy levels, harmonic oscillator potential and the R
first eight eigenfunctions vs. the position coordinate \I’(x t) _ eii%tb (x) o (x) H, (x)e” /2

(source: Fig. 3.4-1 of [1]) NN

with H,(x) := H,(2x, —1)
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Hermite polynomials in quantum probability [4]

« recalling that H,(x) := H,(2x,—1) = e‘af(Zx)", consider the following variant:

o= (&) () () ()

« the orthogonality relation for the polynomials H,(x) reads

1 I I —x2/2
—— | Hu,(x)H,(x)e dx = nlm,p ,

whence these polynomials are orthogonal w.r.t. the standard normal distribution

« let T’y be the dense subspace of a Hilbert space I' spanned by an orthonormal basis {®o, ®i, . .
of I, let {, > denote the inner product on T', and define the linear operators B*, B, B~ € L(T):

0 ifn=0

BY®, = \/orr 1 ®us1 (n = 0), B'®, i= aps1®, (n = 0), B~ ®, 1=
. \/T+n+( ) n n+ 1( ) n \/LT,,Canl ifn>1

then for Jacobi parameters {w, = n}.ez=0 and {a, = n}uez>0,

(@, (BY + B™)"®y) = 12y

1 m
—— | x"e
\/ZW.L

[4] Nobuaki Obata. Spectral analysis of growing graphs: a quantum probability point of view. Vol. 20. Springer, 2017
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“Lacunary generating-functionology’:
general results




Exponential generating functions

* let {p.(x,¥)}nez., be a sequence of polynomials with deg, (p.(x,y)) = n

« typically, we will consider the variable y as a formal parameter, and focus on expansions in
terms of the variable x

« given a particular set of polynomials, one may compute the exponential generating function
G(A; x,y) for this set as

GOx) = ) o pale) (12)
n=0 "
0 D yrem
= 4 () - 1b
;xgo(r+m)!g,(y) (1b)

+ while the form as presented in (1a) merely amounts to re-encoding of the information available via
the explicit definition of the polynomials p.(x,y), the form (1b) in fact necessitates a calculation:
equation (1a) must be expanded into powers of x and then further in powers of the formal
variable )\, which (in the specific pairing of powers Xt with 1/(r+m)!) defines a set of expansion
coefficients g, (y)




Exponential generating functions

* let {p.(x,y)}.ez., be a sequence of polynomials with deg, (p.(x,y)) = n

« typically, we will consider the variable y as a formal parameter, and focus on expansions in
terms of the variable x

* given a particular set of polynomials, one may compute the exponential generating function
G(\; x,y) for this set as

0 n
GOx,y) o= 3 o paly) (1a)
FR
= ;xr Z:]() <) grm(y) - (1b)
+ example: for the Hermite polynomials H,(x,y), it is well-known that

B ixr i >\r+2m n ixr i Ar+2m ((r + 2m)| ym)
=5 = riml Y =5 A (r+2m)! rim!
(r+2s5)ly’

= &= and gr241 =0 (s> 0)

rls!




An important technicality: the notion of summability

* polynomials or series of any sort are functions M — k where M is a set of monomials (a monoid,
since the product of two monomials is a monomial, and the void monomial is the neutral element),
and « its set of coefficients (R, C, any ring as a ring of polynomials or series)

* in order to manipulate safely infinite sums, such as in the transition from (1a) to the form (1b),
these spaces are endowed with the folowing notion:

Summability

A family of series (S;)ies is said to be summable [5] if it is locally finite [6], i.e. if
(Yme M)( |{i € I(Si | my + 0} < o0 ),

where (S; | m) stands for “the coefficient of the monomial m in S;”.

In this case ((S:)ie; is summable), we say that S = Y, S; where, for all m e M

icl

(S| my =S| m.

iel

[5] Christophe Reutenauer. Free Lie algebras, volume 7 of London Mathematical Society Monographs. New Series. 1993
[6] Jean Berstel and Christophe Reutenauer. Rational series and their languages. Vol. 12. Springer-Verlag, 1988




Lacunary exponential generating functions, shifts and dilatations

+ given a set of polynomials p,(x, y) as before, the so-called K-tuple L-shifted lacunary generating
functions Gk . (\;x,y) (for K € Z5, and L € Z3) are defined as

0 n
Gre(Nix,y) = 3 o0 prns(%,) (2a)
n=0 "
S S A (20)
r=0 m=0 (r + m)' o

« accordingly, Gio(A;x,y) = G(X;x,y)
« L-fold lacunary shifts: implemented via S, := 0%, since (for all K € Z>, and L € Z>,)

P L 0 A

— 1 Pre() 2 — pekan(63) = k(A% y)

n:L n=0




Lacunary exponential generating functions, shifts and dilatations

+ given a set of polynomials p,(x, y) as before, the so-called K-tuple L-shifted lacunary generating
functions Gk . (\;x,y) (for K € Z5, and L € Z3) are defined as

)\n
Gk.L(A;x,y) Z 7 PraL(%,Y) (2a)
n=0
0 o0 Ar+m
Z Z g (). (2b)

+ K-fold lacunary dilatations [7]: implemented (for K € Z>1) via the (formal) operator Lk, which
acts on formal series F(\) via

Lk(F(A) = F(X)

Al é(n mod K),0 (n}ll!()! A (/K)
o}
A" nl o \0/EK)
= Le(Gie(Nx,y)) 2 — (5(” mod K),0 77Ny 7) Pnti(x,y) (3a)
n=0 n! (n/K)' A
oy
= Z 7Pr~k+L(x7y) = Gk,.(A;x,y), (3b)
r=0 "

[7] Nicolas Behr, Gérard HE Duchamp, and Karol A Penson. “Explicit formulae for all higher order exponential lacunary generating functions of Hermite polynomials”. In: arXiv
preprint arXiv:1806.08417 (2018)




A general formula for K-tuple lacunary generating functions

Lemma (8]
The explicit form for the K-fold lacunary dilatation Lx(G(X;x,y)) (K € Zx,) of a generating function
G(\; x,y) with expansion coefficients g,..(y) reads

gK,O()\;xmy) =Lk (g(/\xay))

R )\s+q
_Z Z s—l—q'gquK(y) ()
K—1 o Nstat
o Z Zx(x+l) K—a Z m g(s+l)-K—C!7q'K+C“ o

a=1s5=0

Proof: The argument follows from splitting the summation over r in Lx(G(X; x,y) (with G(\; x,y)
expanded in the form described in (1b)) into mod K-classes, which consequently leads to a
modification of the summation over the second index m.

[8] Nicolas Behr, Gérard HE Duchamp, and Karol A Penson. “Explicit formulae for all higher order exponential lacunary generating functions of Hermite polynomials”. In: arXiv

preprint arXiv:1806.08417 (2018)




Exponential lacunary generating
functions of the Hermite polynomials




Specializing to Hermite-type generating functions

Corollary [9]: refining the Lemma to the case of g,.(y) = 0 for m = 25 + 1 (i.e. to “part E”)

part E o0 K D s+
Lecar (G0ux) = | 24" 3 g Sas) (52)
(SRS ((s+D-K=28 Mttt
+ ;1;) Z Grg+D) 8(s+1)-K—28, qK+26:| (5b)
part E D g5+
Lk=2r+1 (G(A;x,y)) = [ Zx Z G+ 20) 85k, 20k(y) (5¢)
- W A\s+20+1
I ;lg(:)x Z m 8(s+1)-K—28, 20-K+28 (5d)
i L[+ K—2641 \s+20+2
’ 5211;) Z m 8(s+1)-K—28+1, (26+1)-K+26— 1] (5e)

[9] Nicolas Behr, Gérard HE Duchamp, and Karol A Penson. “Explicit formulae for all higher order exponential lacunary generating functions of Hermite polynomials”. In: arXiv

preprint arXiv:1806.08417 (2018)




Some additional technical tools

+ the Gauss-Legendre multiplication formula [10] (Eq. 5.5.6) for gamma functions,

n—1

T(n2) = ' 4 (2m) 2" []r ( 7) (for n - z ¢ Z<o)

Jj=0

will be used in the following variant (for n(s + x),nx € C\Z<o, n € Z>> and s € Zx):
n—1 .
D(n(s +x)) = (n"") T'(nx) H (x + i) , (6)
Jj=0 s
with the Pochhammer symbol (a), defined according to the convention

I'(a + b) '

(a)b = F(a)

[10] NIST Digital Library of Mathematical Functions. http:/dimf.nist.gov/, Release 1.0.18 of 2018-03-27. F. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. |. Schneider, R. F. Boisvert,
C. W. Clark, B. R. Miller and B. V. Saunders, eds.
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Some additional technical tools

+ notations for hypergeometric functions [10] [11]:

plan e ,:iz;(al)s...(ap)s
b, by T A st (Br)s - (By)s
» shorthand notation for sequences: (f,~)|<[<n, such as in
(ai) i ai, ..., 4
»Fy 1<gp;z 5:1!Fq[bl bPZZ]
(bj)lsigq T e

[10] Anatolii Platonovich Prudnikov, Yurii Aleksandrovich Brychkov, and Oleg Igorevich Marichev. “Integrals and series”. In: (1992)
[11] Richard Beals and Roderick Wong. Special functions and orthogonal polynomials. Vol. 153. Cambridge University Press, 2016




Some additional technical tools

Proposition [10]

Define the exponential generating function of the lacunary shifts #x,.(A; x,y) of the K-tuple lacunary
generating function Hk o (; x,y) of the polynomials H,(x,y) as

8

0
Ri(p; X; x,y) := Z%H (Ax,y) = Z% (Hi,e(A;x,))

Il
I MS ‘[

u 2

X e () (ho0ins) = L (¢ ioiny)

Then by virtue of the Crofton identity and of a semi-linear normal-ordering technique [11]
Ric(; X5 %, ) = 0 g o (X x + 21y, y) =

Ha0(5 %, ) Hi 0 (A x + 241y, y)
o I
=  Hrr(Ax,y) = [(au) ’R,K(u;)\;x,y)]

0

[10] Nicolas Behr, Gérard HE Duchamp, and Karol A Penson. “Explicit formulae for all higher order exponential lacunary generating functions of Hermite polynomials”. In: arXiv
preprint arXiv:1806.08417 (2018)
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All-order lacunary exponential generating functions for the Hermite polynomials

j+1
s+ 127T)O<j<2T72 AT

o]
Hi=ar0(A;x,y) = Z 22 eroyFao [ ( i
5 (T)oszsr—z

Theorem [12]
The K-tuple exponential lacunary generating functions #x o(\; x,y) read for K = 2T (T € Z3,)

s=0
Tl
A A(s+1)—28 B (T (s+1))!
+ Z Gl ¥ y ((2T(s+1)—2/3)!5!) : (6)
B=1s=0
(s+14+3) ccor
“er-nFa-1 ﬁHHZT 0SS N4 |,
(f) 0<e<T—1
(AT 1-3

[12] Nicolas Behr, Gérard HE Duchamp, and Karol A Penson. “Explicit formulae for all higher order exponential lacunary generating functions of Hermite polynomials”. In: arXiv

preprint arXiv:1806.08417 (2018)




All-order lacunary exponential generating functions for the Hermite polynomials

Theorem [12]
..and for K = 2T + 1 (with T € Z5,)
(5 + ]27)0<f$1(251—2' 2 (aky)

e
Hi=2r11,0(A; %, y) Z’\*.x exk—2)F(x—1) " Us 7
s=0 (T)ogzgk—z
T
S M K(s+1)-28 B (K(s+1))!
+ Z Z Gt * Y \&es+n—2p)81 ) °
B=1s=0
s+l j+l
(S + L) ogcok—
7 2K )0sis 2 K
k-2 Fx—1) s k=1 A0 (4fy) (6)
) 0<t<K—1
(#£K—1—8
T o
N2 K(s+2)—2(T+B8) .T+B (K(s+2))!
+ Z Z ! y ((K(s+2)72(T+5))F(T+B)!) :
B=1s=0
2 j+1
(% + 127)0< 2K 2 >\2(4K‘,)K
k- F k-1 A g SR
(w)o<e<1@1
K (£T—B

[12] Nicolas Behr, Gérard HE Duchamp, and Karol A Penson. “Explicit formulae for all higher order exponential lacunary generating functions of Hermite polynomials”. In: arXiv

preprint arXiv:1806.08417 (2018)




Table 1 Lacunary generating functions H g o(A; z; y) for the bi-variate Hermite polynomials Hy(z,y) and K =1...10.

Hio(hiz,y) =

Hao(Xi,y)

Hso(Xiz,y)

Hao(Aiz,y) =

o A +1
:25:0 I'Z:; ]E)I:372

e A .3 syl sy
725:OEIXAF‘2[2 ° i

8A1+A1y

At (3(s+1))! .
+ T v 7y (i) B

2,8 o4 33}

ct2 3542, 3(s+2))! L2
+3520 (iu)z at 2 y? (%) 4F2[ 2

A2y 2433}

Yoo 3F1[ o 2%' %-Aﬁzﬁ]

+3 O(érw Zi5t2 y ( (4(s+1))! ) JSFl[(£+1)+; (s+1§)+2, (s+1)+2 Ay 226}

AGTD-2)

\ot1 B(s41))! YRR
FY U(s+1)‘ 28y ((é(fil)”ﬂ') 8F4|: i T3
. 1 :
s y? (%) 3F4[

0 A2 55443 (5(s+2)) 2
+ T 25 e () oF[

a1, 0
+10

A
+E50 o=y

42, 0
T 10,

s424 si2.0
D kst a1

e o 4 ey
+ X0 2 ¥y () oF[ TR

AZP 2855}

AP 2855}

i A2y 2850 }

AP 2355}

Continued on next page



Table 1 - continued from previous page

. N AT G s+g. s+3, s+5, s+3 s+E .y 3 5693
HG,O(A«LZ/)*ZPOQIESE[ oo 1 2% 3T Ayt 208

Grin ¥ ®(s+1)-2)1

s 1 1 1 2 5 P P
SR, AT ety ( (6(s+1))! ) 5F2[(s+1)+6v (s+1)+4, (s?);‘rp (D3, (HD+E s 2(.33]

26512 42 ( (6(s+1))! ) GFZ[(EHH%- (D45, D+ (D4, (HD+F, )3 2633]

\oht )
+ X320 S 2(6(s+1)—4)! i

i
I AZyT 21277]

Hro(Aiz,y) Es 0 .,w ' 11F5[%+ N

Ha27 2|277}

w1 s ( (raay ,
+ S At ey () eh

+3520 (s+1)v a7y aflt));m) 12Fs[

(7(s+1)
(7(04:1) 6)'3') 'QFG[

o+
+X2 (é+1)1 @ty (

A2 Ts46 4 (7(s+2))! -
+320 G 2y ((7(«+52> s)w) 12Fh[

2, Y 21277}

A2
+332 (5+2)' aTy®

(st )
7(s+2)—10)15!

+1 1 22y 21277]

A2 Tsd2 6 (7(s42))! -
+3520 (s+2)v A e = 12)w> IZFG[

s+% Dyt 210

Hso(hiz,y) = 32 37 2™

I At 28546 4 ( (8(s+1))! ) JFy |:(5+1)+x (s+1)+%, (s+1)+3, (s+1,)+z] (s+1)+5, (s+1)+4 ,(s+1>+g;)\y4 916
3

=0 (s+1)! BErD-2) B

]

Continued on next page



Table 1 — continued from previous page

AsHl
(s+1)!

o0 8s44 2
+250 2ty

o AT 8s+2 .3
+ 200 oy 25Ty

Hoo(\sw,y) = Y02 A 2 wFs[é

AL 9547 (9(s+1))!
+X, Gron T o ((9(#1) 2)‘)

At 9545 2
Grp ¥ Y

+X2

Astt

+322 (=) Pyt

s+t

+X2, (s+1)v x

A2 9548 5
Tron & v

+XZ

6

o A2 9546
+ X0 G Y

a2
+X3, (iu)z

A2 9542 8
+3020 Gron T

Y

(s+1)+%, (s+1)+2, (s+1)+%
EE

C(FD+E, (sHD)+S, (s+1)+3

8(s+1))! (s+1)+3,
(ol ) om0

(s+1)+E, (s+1)+3, (s+1)+

(B(s+1))!
(3!(5@11)*6)!) 7k

3[(3+|)+%, (s+D)+%, (s+D)+3, (s+D+5,

TR \2,9 916318
o FiA%y? 2103

5
© 9

(9(s+1

E 2,9 916318
[ 4)@) wa[ : 1A%y? 2103

.s+1))’

or

(O(s+1))!
O(s+D)-8)m

]
2y 210315
}

117
+ 2 5
s 18 :)\1!/9 21()31&
5

a2 11
I A2y 016318
©(s+2)—10)15! RRERSLY A%y 2103

(9(s+2))!

©(s+2)—14)171 iAPy? 210318

(9(s+2) 1)0)'3' X2y? 21031

(
(w755
(w525m
()
(w5 2m)
(w2t
(ors¥5785w)

}
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Ayt 216}

Ayt 2115}
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Table 1 - continued from previous page

Hioo(Niay) = X2

e s 5 5
Ly T g 2105>}
3%

(s+1J+%:/\ya 2m55}

s+l s +45, 1
+3225 (/:+1)! ] (Jﬁffﬂg) ) 9F1[(s+ It (?_ ?]

+1 s (s

>? (s‘l)‘%:AySZIOSﬂ

+ X%

Sy AT sk g ( (10(s+1))! )SFA[(HUH—D,

oy (sHD)+T5 Ly 5 91085
s=0 (sF1)! * 3N(10(s+1)—6)! BERVA 21]57}

o+l 10(s+1))! +1)+45, s (sHD)+% 5 91055
3, @“)! 210542 44 (4!((1“((.:?1))28)!) gFfi[(” 1+ (s+1) 1():/\yu2|05):|




Table 2 Shifted exponential lacunary generating functions H g, z,(A; z;y) for the bi-variate Hermite polynomials H,(z,y),
K=34and L=1,2,3.

i) = S0 A0 (a3 2% 1(F)2y) 4B 582, 32433}
- s+l _ _ _ | L1osd iy atigs
+ T A (1.3(5+1) Ly 4 g3(s+1)=3(3(+D) 2)2y2> ((;&(ﬂ)ﬁ)!) 4Fz[ t+ +§. : O 2y 32433}

st2i2 a4

Kl +%:)\2y:& 243:4}

s "
HER i (0D ) (i )4)>'z'> |

Nsa,y) =30, %: (a3 (2 + 2y) + xss(zf)-'ly + a2 (32’)2! -4y?) 1Fg[ TA%yR 2433]

1 » iy > +1)—d (7 - 3(s+1))!
A (13<,+1) 2y (22 + 29) + 236D 2(3(s+11) 2)4y2+23(°+1> 4(%<s+21) 2)2[,4y3) ((3(&(3)17))2‘)!) .
1 Va1

st

1.5
TR 28 2433]

2

T A (D (02 4 ) + DA 1 (Dot ) (e
.4F2[#+%v 244 ;#Jrl B A28 2453}

i
503

(Nizy) =202, AT; (3% (2 + 6ay) + 13“1(315)61/ (22 +2y) + o

+ Zzio (2_:)' (m:x(s+1)7zy (mx + Gzl'y) + mi{(sﬁ»l)fﬁl(3(&4»11)72)6,‘[]2 (Tz + 2y) n :l.(i(5+1)7({(3(ﬂ+21)*2)2! 1243

a1

+zz<x+1>—s(3<s+31>—2)3!_W) ( (3(s+ D) ) 4Fz|: B P R 28 2433}
2

BEHH-2)

YT, @:;)' (1‘3(54-2)—43/2 (2* + 62y) +r3(5+2)—5(3(.¢+2)74)6y3 22+ 2) +TK(S+2)—5(3(.<+2)74)2! 12t

o) TR s
a7 (3H2) 4)3!_&;,) ((Sﬁjfg?j;.?.) 4Fz|: +

+3, 243, A2y 2433}
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le 2 — continued from previous page

(Nzy) = 2:10% (211 4 21571 (B)2y) 4By [W%v s+, ”%:Agﬁ 25}

1
3

41 1 1 3
I (ifw (a1+3y 4 1o+ (142 92) ((ﬂﬂ%)!) o [(sﬂm- (»ﬂ%)n, [SRIE P 25}

Kiy) = T2 3 (o1 (o2 4+ 29) + o () ay + a2 ()20 ag2) R [7TH LR 2 2]

YT, @:1’)' (a45+2y (a2 + 2) + .145”(4"1*7)43/2 s (4:;2)2! ay?) ((;(45(14{>11);)!) oF) [(s+|)+%, (”IJH%' (‘“)*%:Agﬁ 26}

3

Nz,y) =32, *T, (a4 (2 + 6ay) + 1:45’1(415)6y (22 +2y) +ats! (425)‘2! S12y2 o3 ““ 31-8y%) sFy [”%' i%' o+, Ay? 2“]
H
+ 00 A (12 (28 + Gay) + (2657 (02 + 2p) + 2 ()20 1298 a1 ()30 8y1)

1 1 3 »
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Conclusion and outlook




Conclusion and outlook

* using some elementary techniques such as re-sorting of formal power series, we obtained all
higher order exponential lacunary generating functions for the Hermite polynomials H,(x,y)

+ since the polynomials H,(x,y) are related to a large number of other (Appell-type) families of
polynomials, we expect our results to be generalizable to these families

« the range of possibilities is even further extended via so-called umbral image techniques — joint
work with G. Dattoli (ENEA, Rome), G.H.E. Duchamp (Paris 13), S. Licciardi (ENEA, Rome) and
K.A. Penson
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